GIT FOR POLARIZED CURVES 



GILBERTO BINI, MARGARIDA MELO, FILIPPO VIVIANI 

Abstract. We study the GIT quotients of the Hilbert and Chow schemes of curves, 
as their degree d decreases with respect to their genus g. We show that the previous 
results of L. Caporaso hold true up to d > 'i(2g — 2) and we observe that this is 
sharp. In the range 2{2g — 2) < d < ■^{2g — 2), we get a complete new description 
of the GIT quotient. As a corollary of our results, we get a new compactification of 
the universal Jacobian over the moduli space of pseudo-stable curves. 
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1. Introduction 



1.1. Motivation and previous works. One of the first successful applications of 
Geometric Invariant Theory (GIT for short), and perhaps also one of the major mo- 
tivations for its development by Mumford and his co-authors (see |MFK94] ). was the 
construction of the moduli space Mg of smooth curves of genus g > 2 together with 
its compactification Mg via stable curves, carried out by Mumford ( |Mum77] ) and 
Gieseker ( [Gie82] ). Indeed the moduli space of stable curves was constructed as a 
GIT quotient of a locally closed subset of a suitable Hilbert scheme (as in |Gie82| ) or 
Chow scheme (as in [Mum77] ) parametrizing n-canonically embedded curves, for n suf- 
ficiently large. More precisely, Mumford in |Mum77j works under the assumption that 
n > 5 and Gieseker in |Gie82j requires the more restrictive assumption that n > 10. 
However, it was later realized that Gieseker's approach can also be extended to the 
case n > 5 (see |HM98l Chap. 4, Sec. C] or [MorlOl Sec. 3]). 

Recently, there has been a lot of interest in extending the above GIT analysis to 
smaller values of n, expecially in connection with the so called Hassett-Keel program 
whose ultimate goal is to find the minimal model of Mg via the successive constructions 
of modular birational models of Mg (see [FSllj and |AHj for nice overviews) . 

The first work in this direction is due to Schubert, who described in jSchOlj the GIT 
quotient of the locus of 3-canonically embedded curves (of genus g > 3) in the Chow 
scheme as the coarse moduli space M^** of pseudo-stable curves (or p-stable curves 
for short). These are reduced, connected, projective curves with finite automorphism 
group, whose only singularities are nodes and ordinary cusps, and which have no elliptic 
tails. Since the GIT quotient analyzed by Schubert is geometric (i.e. there are no 
strictly semistable objects), it is easy to see that one gets exactly the same description 
working with 3-canonically embedded curves inside the Hilbert scheme (see |HH1 Prop. 
3.13]). Later, Hasset-Hyeon have constructed in |HH09j a modular map T : Mg M^** 
which on geometric points sends a stable curve onto the p-stable curve obtained by 
contracting all its elliptic tails to cusps. Moreover the authors of loc. cit. identified 
the map T with the first contraction in the Hassett-Keel program for Mg. 

The case of 4-canonical curves was worked out by Hyeon- Morrison in |HM10| . The 
GIT quotients for both the Hilbert and Chow scheme turn out to be again isomorphic 
to M^^, although the Chow quotient is not anymore geometric and a more refined 
analysis is required. 

Finally, the case of 2-canonical curves was studied by Hassett-Hyeon in |HH| , where 
the authors described the Hilbert GIT quotient Mg and the Chow GIT quotient 
(they are now different), as moduli spaces of /i-semistable (resp. c-semistable) curves 
(see loc. cit. for the precise description). Moreover, they constructed a small contrac- 
tion ^ : M^^ — >• and identified the natural map : Mg ^ Mg as the flip of 
These maps are then interpreted as further steps in the Hassett-Keel program for Mg. 
For some partial results on the GIT quotient for the Hilbert scheme of 1-canonically 
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embedded curves, we refer the reader to the work of Alper, Fedorchuck and Smyth (see 
[SFS]). _ 

From the point of view of constructing new projective birational models of Mg, it 
is of course natural to restrict the GIT analysis to the locally closed subset inside the 
Hilbert or Chow scheme parametrizing n-canonical embedded curves. However, the 
problem of describing the whole GIT quotient seems very natural and interesting too. 
The first result in this direction is the pioneering work of Caporaso |Cap94| , where the 
author describes the GIT quotient of the Hilbert scheme of connected curves of genus 
g > 3 and degree d > 10{2g — 2) in P"^"^. The GIT quotient obtained by Caporaso in 
loc. cit. is indeed a modular compactification of the universal Jacobian Jd,g, which is 
the moduli scheme parametrizing pairs (C, L) where C is a smooth curve of genus g 
and L is a line bundle on C of degree d. Note that recently Li and Wang in |LW| have 
given a different proof of the Caporaso's result for d >> 0. 

Our work is motivated by the following 

Problem: Describe the GIT quotient for the Hilbert and Chow scheme of curves of 
genus g and degree d in F'^~3 , as d decreases with respect to g. 

1.2. Results. In order to describe our results, we need to introduce some notations. 
Fix an integer g > 2. For any natural number d, denote by Hilb^ the Hilbert scheme 
of curves of degree d and arithmetic genus g in ;= F{V); denote by Chow^ the 

Chow scheme of 1-cycles of degree d in and by 

Ch : Hilbrf Chow^ 

the map sending a one dimensional subscheme [X C P'^~5'] £ Hilb^ to its 1-cycle. The 
linear algebraic group SLd_g_(_i acts naturally on Hilb^ and Chow^ in such a way that 
Ch is an equivariant map; moreover, these actions are naturally linearized (see Section 
14.11 for details 0), so it makes sense to talk about GIT (semi-,poly-)stability of a point 
of Hilbrf and Chow^. 

We aim at giving a complete characterization of the GIT (semi-,poly-)stable points 
[X C ¥"^-9] (z Hilbd or of its image Ch([X c P'^ ^]) ^ Chow^. Our characterization of 
GIT (semi-, poly-) stability will require some conditions on the singularities of X and 
some conditions on the multidegree of the line bundle Ox{^)- Let us introduce the 
relevant definitions. 

A curve X is said to be quasi-stable if it is obtained from a stable curve Y by 
"blowing up" some of its nodes, i.e. by taking the partial normalization of Y at some 
its nodes and inserting a P^ connecting the two branches of each node. A curve X 
is said to be quasi-p- stable if it is obtained from a p-stable curve Y by "blowing up" 
some of its nodes (as before) and "blowing up" some of its cusps, i.e. by taking the 
partial normalization of Y at some of its cusps and inserting a P^ tangent to the branch 



In particular, when working with Hilbd, we will always consider the m-linearization for m >> 0; 
see Section [4. II for details. 
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point of each cusp. Given a quasi-stable or a quasi-p-stable curve X, we call the P^'s 
inserted by blowing up nodes or cusps of Y the exceptional components, and we denote 
by Xoxc C X the union of all of them. 

A line bundle L of degree d on a quasi-stable or quasi-p-stable curve X of genus g 
is said to be balanced if for each subcurve Z C X the following inequality (called the 
basic inequality) is satisfied 



(*) 



degz^ - 7r-^deg^(a;x) 
2g -2 



< 



where \Z D Z^\ denotes the length of the 0-dimensional subscheme of X obtained as 
the scheme-theoretic intersection of Z with the complementary subcurve Z^ := X \ Z. 
A balanced line bundle L on X is said to be properly balanced if the degree of L on 
each exceptional component of X is 1. Moreover, a properly balanced line bundle L is 
said to be strictly balanced (resp. stably balanced) if the basic inequality (*) is strict 
except possibly for the subcurves Z such that Z Ci Z^ C Xgxc (resp. such that Z or Z'^ 
is entirely contained in Xexc)- 

Our first main result extends the description of GIT semistable (resp. polystable, 
resp. stable) points [X C G Hilbd given by Caporaso in |Cap94| to the case 

d > 4(2(7 ~ 2) and also to the Chow scheme. 

Theorem A. Consider a point [X C F'^^'J] £ Hilb^ with d > 4{2g - 2) and g > 2; 
assume moreover that X is connected. Then the following conditions are equivalent: 

(i) [X d W^^3] is GIT semistable (resp. polystable, resp. stable); 
(a) Ch([X C P^~^]) is GIT semistable (resp. polystable, resp. stable); 
(Hi) X is quasi-stable and Ox(l) is balanced (resp. strictly balanced, resp. stably 
balanced). 

In each of the above cases, X C P'^"^ is non-degenerate and linearly normal, and C'x(l) 
is non-special. 

The above Theorem El follows by combining Theorem I ll.ll fT]). Corollarv lll.2l |T]) and 
Cor ollarv 111.3 l |T]) . Note also that the condition d > 4(2^ — 2) is the sharpest condition 
under which the above Theorem holds true: if d = 4(2g — 2), then there are GIT stable 
points [X C P'^"^] G Hilbd with X having cuspidal singularities (see Remark 14. 9p . 

We then investigate what happens if d < 4:(2g — 2) and we get a complete answer in 
the case 2{2g - 2) < d < l{2g - 2) and g > 3. 

Theorem B. Consider a point [X C G Hilb^ with 2{2g - 2) < d < l{2g - 2) 

and g > 3; assume moreover that X is connected. Then the following conditions are 
equivalent: 

(i) [X C P'^"^] is GIT semistable (resp. polystable, resp. stable); 
(a) Ch{[X C P'^^^]) is GIT semistable (resp. polystable, resp. stable); 
(Hi) X is quasi-p-stable and 0^(1) is balanced (resp. strictly balanced, resp. stably 
balanced). 



In each of the above cases, X C non- degenerate and linearly normal, and Ox{^) 

is non-special. 

Moreover, the Hilbert or Chow GIT quotient is geometric (i.e. all the Hilhert or 
Chow semistahle points are stable) if and only if gcd(2g — 2,d — g + 1) = 1. 

The above Theorem [B] follows by combining Theorem lll.ll |2|). Corollary I11.2l !j2|). 
Corollary and Proposition 112.51 

We note that the conditions on the degree d and the genus g in the above Theorem [B] 
are sharp. Indeed, if d = 2(25-2) then there are GIT stable points [X C P'^-s] G Hilb^ 
with X having arbitrary tacnodal singularities (see Remark 15. 2p . On the other hand, 
if d = 1(25 - 2) (resp. d > |(2c/ - 2)) then it follows from |Gie82l Prop. 1.0.6, Case 2] 
that a point [X C P°'~5'] ^ Hilb^ with X having a tacnode with a line in the sense of 
11.51 (for example a quasi-p-stable curve X obtained from a p-stable curve Y by blowing 
up a cusp) is such that Ch([X C P^~^]) is not GIT stable (resp. GIT semistable) 

Finally, if g = 3 then Heyon-Lee proved in |IIL07| that a 3-canonical irreducible 
p-stable curve X CF^ of genus 2 with one cusp is not GIT polystable (while it is GIT 
semistable), which shows that the description of GIT stable and GIT polystable points 
given in Theorem [B] is false in this case. Probably the description of GIT semistable 
points given in Theorem [B] is still true for g = 2; however for simplicity we restrict in 
this paper to the case g > 3 whenever dealing with quasi-p-stable curves. 

As an application of Theorem [HI we get a new compactification of the universal 
Jacobian Jii g over the moduli space of p-stable curves of genus g. To this aim, consider 
the category fibered in groupoids cT^^g over the category of schemes, whose fiber over 
a scheme S is the groupoid of families of quasi-p-stable curves over S endowed with a 
line bundle whose restriction to the geometric fibers is properly balanced. In Section 
[T2t we will prove the following 

Theorem C. Let g > 3 and d £ Ij. 

(1) -J^dg i'^ 0, smooth, irreducible and universally closed Artin stack of finite type 
over k and of dimension 4^ — 4. 

(2) j'^^g admits an adequate moduli space J^d,gj which is a normal irreducible pro- 
jective variety of dimension 4^ — 3 containing Jd,g as an open subvariety. 
Moreover, z/ char (A;) = 0, then j'^^g has rational singularities, hence it is Cohen- 
Macauly. 

(3) There exists a commutative digram 

^ d,g ^ 'Jd,g 



<J)PS 



'We thank Fabio Felici for pointing out to us the relevance of [Gie82l Prop. 1.0.6, Case 2]. 
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where ^'P^ is universally closed and surjective and <I>p^ is projective, surjective 
and has equidimensional fibers of dimension g. 

(4) If char (k) = or char(A;) = p > is bigger than the order of the automor- 
phism group of any p-stable curve of genus g, then for any X € , the fiber 
{^^^)~^{X) is isomorphic to Jacd(-^)/Aut(X), where Jacd(^) is the Simp- 
son's compactified Jacobian of X parametrizing S -equivalence classes ofrank-1, 
torsion-free sheaves on X that are slope- semistable with respect to lox- 

(5) //2(2g-2) <d< 1(25-2) thenj^a,g = [Hd/GL{r + l)] andT^g ^ Hd/GL{r + 
1), where C Hilb^ is the open subset consisting of points [X C P"'^^] G 
Hilbfi such that X is connected and Ch([X C P*^"^]) is GIT-semistable (or 
equivalently, [X C P^^^] is GIT-semistable) . 

The above Theorem ICl follows by combining Theorems 112.3^ [12. 121 and Propositions 
112.41 112.81 A couple of comments on the above theorem are in order. First of all, the 
hypothesis on the characteristic of the base field k in part dH is needed in order to 
guarantee that the automorphism groups of the geometric points of J^^^^g are linearly 
reductive. For more details, we refer the reader to the proof of Theorem 1 1 2 . 1 2 1 and the 
discussion following it. Secondly, the stack J^d^^g is never a Deligne-Mumford stack nor 
a proper stack and the map ^ is never proper nor representable. The reason is that the 
automorphism group of each geometric point of J^^^^g contains the multiplicative group 
Gm acting as scalar multiplication on the line bundle. It is then natural to take the 
rigidification ^7^^^ //Gim and to ask if the above properties hold true for this new stack 
<J^^g //Gm and for the new map 

^ Mg. In Proposition [nSl we prove that 
this is indeed the case if and only if the numerical condition gcd{d -\- 1 — g,2g — 2) = 1 
is satisfied. 

1.3. Open problems. This work leaves unsolved some natural problems for further 
investigation, that we discuss briefly here. 
The first problem is of course the following 

Problem A. Describe the GIT (semi-, poly-) stable points o/ Hilb^ and Chow^ in the 
case l{2g - 2) < d < A{2g - 2). 

Indeed, as observe before. Theorem 16. II is false in the range |(2g — 2) < d < 4(2(7 — 2). 
In Theorem 15.11 we give some necessary conditions for a point [X C P'*^^] G Hilb^ (or 
for its image Ch([X C P*^-^]) G Chowd) to be GIT semistable. Further progresses have 
been made by Fabio Felici in [Felj . 

By analogy with the contraction map T : M^^ — ?> Mg constructed by Hassett-Hyeon 
in [HHOOj (see also Fact I2.2l!jii|) for more details), the following problem seems very 
natural. 
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Problem B. Construct a map T : J^^g — >■ J^^^ fitting into the following commutative 
diagram 




T 




T 




where J^^g is the Caporaso 's compactification of the universal Picard variety. 

More generally, one would like to set up a Hassett-Keel program for J^^g and give 
an interpretation of the above map T as the first step in this program. 

Finally, as we discuss at the beginning of Section [U if d > 2{2g — 2) then the 
locus of connected curves in the Hilbert or Chow GIT semistable locus is a connected 
component (which is moreover irreducible if either d < 5(25 — 2) or c? > 4(2(7 ~ 2), by 
Proposition I1U.9]) . However, we do not know the answer to the following 

Problem C. Are there connected components inside the Hilbert or Chow CIT semistable 
locus made entirely of non- connected curves? 

1.4. Outline of the paper. We now give a brief outline of the paper. In Section [2l 
we discuss the singular curves that will appear throughout the paper. In Section [3l we 
collect combinatorial results on balanced multidegrees and on the degree class group 
that will play a crucial role in several proofs. In Section U] we set up our GIT problem 
for Hilb(^ and Chow^. Moreover, we recall some well known techniques in GIT (e.g. the 
Hilbert-Mumford's criterion for GIT (semi) stability and the basin of attraction) as well 
as some classical results in GIT of curves (e.g. the potential stability theorem and the 
stability for smooth curves of high degree). In Section [5] we prove the potential pseudo- 
stability Theorem 15 . 1 1 which gives necessary conditions for GIT semistability in the case 
2{2g — 2) < d. In Section [6] we prove that GIT semistable curves do not have elliptic 
tails if 2{2g - 2) < d < l{2g - 2) (see Theorem El]) . In Section [7] we determine the 
connected component of the identity of the stabilizer subgroups of the pairs (X, Oxi^)) 
belonging to the GIT semistable locus (see Corollary I7.3P . In Section [8] we investigate 
some properties of GIT semistable pairs (X, Ox(l)) with Ox(l) stably balanced (see 
Theorem 18. ip or strictly balanced (see Corollary 18. 6p . In Section [9] we construct a map 
from the GIT quotient of Hilbf^ or Chow^; for 2(2g — 2) < d towards the moduli space 
of p-stable curves (see Theorem 19. ip . In Section [10] we introduce a stratification of 
the GIT semistable locus and then we study the closure of the strata (see Proposition 
110. 5p and we prove a completeness result for these strata (see Proposition 110. 6p . In 
Section [11] we characterize GIT (semi, poly)-stable points in Hilb^ and Chow^ if either 
4{2g -2) <dov 2{2g -2) <d< |(2c/ - 2) and 5 > 3, thus proving Theorems [A] and 
[B] In Section [12] we define and study a new compactification of the universal Jacobian 
over the moduli space of p-stable curves; in particular we prove Theorem [C] The 
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Appendix 1131 contains some positivity results for balanced line bundles on Gorenstein 
curves which are used throughout the paper and that we find interesting in their own. 

Acknowledgements. The last two authors would like to warmly thank Lucia Capo- 
raso for the many conversations on topics related to her PhD thesis |Cap94| , which 
were crucial in this work. 

We would like to thank Sivia Brannetti and Claudio Fontanari, who shared with us 
some of their ideas during the first phases of this work. We are grateful to Fabio Felici 
for pointing out a mistake in a previous version of Theorem 17.21 

Conventions. 

1.1. k will denote an algebraically closed field (of arbitrary characteristic). All schemes 
are k-schemes, and all morphisms are implicitly assumed to respect the k-structure. 

1.2. A curve is a complete, reduced and separated scheme (over k) of pure dimension 
1 (not necessarily connected). The genus g{X) of a curve X is g{X) := h^{X,Ox)- 

1.3. A suhcurve Z of a curve X is a closed k-scheme Z X that is reduced and of 
pure dimension 1. We say that a subcurve Z C X is proper if Z ^ il), X . 

Given two subcurves Z and W of X without common irreducible components, we 
denote by Z DW the 0-dimensional subscheme of X that is obtained as the scheme- 
theoretic intersection of Z and W and we denote by \Z nW\ its length. 

Given a subcurve Z Q X , we denote by Z^ := X \ Z the complementary subcurve 
of Z and we set kz = kz<^ ■= \Z n Z^\. 

1.4. An elliptic tail of a curve X is a connected subcurve Z of genus one meeting the 
rest of the curve in one point; i.e. a connected subcurve Z <^ X such that g{Z) = 1 
and kz = \Z D Z^\ = 1. 

1.5. Let X be a curve. A point p of X is said to be 

• a node if the completion Ox,p of the local ring Ox,p of X at p is isomorphic 
to k[[x,y]]/(y^- x^); 

• a cusp if0^p^[[x,y]]/{y'^-x'^); 

• a tacnode ifOx,p — ^[[2;, — x^). 

A tacnode with a line of a curve X is a tacnode p of X at which two irreducible 
components Di and D2 of X meet with a simple tangency and in such a way that 
Di = and k^i = 2 (or equivalently p is the set-theoretical intersection of Di and 
D\). 

1.6. A curve X is called Gorenstein if its dualizing sheaf lox is a line bundle. 

1.7. A family of curves is a proper, fiat morphism X ^ T whose geometric fibers 

are curves. Given a class C of curves, a family of curves of C is a family of curves 

X — )• T whose geometric fibers belong to the class C. For example: if C is the class 
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of nodal curves of genus g, a family of nodal curves of genus g is a family of curves 
whose geometric fibers are nodal curves of genus g. 

1.8. Consider a controvariant functor 

T : SCH ^ SET 

from the category SCH of schemes to the category SET of sets. 

We say that a scheme X represents T , or that T is represented by X, if T is 
isomorphic to the functor of points Hom( — ,X) of X, i.e. the functor that associates 
to a scheme T the set of morphisms Hom(T,X). 

We say that a scheme X co-represents T if there exists a natural transformation of 
functors ^ : T Hom(— ,X) that is universal with respect to natural transformations 
from T to the functor of points of schemes, i.e. for any natural transformation ^ : 
T — )■ Hom(— , Y) where Y is a scheme there exists a unique morphism f : X such 
that ^' = /* o $ where /* : Hom( — ,X) — )■ Hom( — , Y) is the natural transformation of 
functors induced by composing with f. 

Given two controvariant functors J-", Q : SCH —?■ SET, we say that a natural trans- 
formation F ^ Q is a local isomorphism if 

(i) for every T € SCH and y G Q{T) there exists an etale cover {Tj T} of T and 
elements {xi G J^(T,;)} with Xi mapping to the restriction ylj; € Q{Ti). 

(a) for every T € SCH and x,x' G J-{T) mapping to the same element of Q{T) there 
exists an etale cover {Tj — )• T} such that the restrictions of x and x' to Ti coincide 
in F{Ti). 

Equivalently, a local isomorphism is a natural transformation J- ^ Q that induces 
an isomorphism of the etale sheaves associated to T and Q. Using the well-known fact 
that a representable functor is a sheaf for the etale topology, it follows that if F ^ Q 
is a local isomorphism then a scheme X co-represents T if and only if it co-represents 
Q. 

2. Singular curves 

The aim of this section is to collect the definitions and basic properties of some 
special curves that will play a key role in the sequel. 

2.1. Stable and p-stable curves. We begin by recalling the definition of Deligne- 
Mumford's stable curves ( |DM69j ) and Schubert's pseudostable curves ( [Sch91] ) of 
genus g > 2. 

Definition 2.1. A connected curve X of arithmetic genus g >2 is 

(i) stable if 

(a) X has only nodes as singularities; 

(b) the canonical sheaf ujx is ample. 

(ii) p-stable (or pseudo-stable) if 
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(a) X has only nodes and (ordinary) cusps as singularities; 

(b) X does not have elliptic tails; 

(c) the canonical sheaf ujx is ample. 

Note that, in both cases, uox is ample if and only if each connected subcurve Z oi X 
of genus zero is such that /c^ = |Z fl > 3. 

Stable curves and p-stable curves have projective coarse moduli schemes, which are 
related as follows. 

Fact 2.2 r |DM69j . |Sch91| . [HHOOQ . 

(i) There exists a projective irreducible variety Mg which is the coarse moduli space 
for stable curves of genus g. If g > 3 then there exists a projective irreducible 
variety M^^ which is the coarse moduli space for p-stable curves of genus g. 
(a) If g > 3 then there exists a natural map 

T -.Mg^ Wg 

which sends X € Mg to the p-stable curve T{X) G M^g obtained by contracting 
each elliptic tail to an ordinary cusp. In particular, T is an isomorphism outside 
the divisor Ai C Mg of curves having an elliptic tail. 

If 5 = 2 then the functor of p-stable curves of genus g is not separated (or equivalently 
the stack of p-stable curves is not a Deligne-Mumford stack) and therefore it does not 
admit a coarse moduli space. Nevertheless, Hyeon and Lee have constructed in |HL07| 
a projective variety M^ which co-represents the functor of p-stable curves of genus 2 
(in the sense of Convention II. 8p and they have defined a map T : M2 M2 which 
contracts the divisor Ai to the unique p-stable rational curve with two cusps. In this 
paper, however, we will often assume that g > 3 whenever we will deal with p-stable 
curves, in order to avoid these technical issues. 

2.2. wp-stable curves and p-stable reduction. A common generalization of stable 
and p-stable curves is provided by the wp-stable (=weakly-pseudo-stable) curves, which 
were first considered in [HMlOl Pag. 8]. 

Definition 2.3. A connected curve X of genus 5 > 2 is said to be wp-stable if 

(i) X has only nodes and cusps as singularities; 

(ii) the canonical sheaf ujx is ample. 

As before, the condition that lvx is ample is equivalent to the fact that each con- 
nected subcurve Z of X of genus zero is such that kz = \Z D Z^\ > 3 

Remark 2.4. Note that stable curves and p-stable curves are wp-stable. More pre- 
cisely: 

(i) stable curves are exactly those wp-stable curves without cusps. 

(ii) p-stable curves are exactly those wp-stable curves without elliptic tails. 
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Given a wp-stable curve Y it is possible to obtain a p-stable curve, called its p-stable 
reduction and denoted by ps(Y), by contracting the elliptic tails of Y to cusps. The 
p-stable reduction works even for families. 

Proposition 2.5. Let v : y ^ S be a family of wp-stable curves of genus g >3. There 
exists a commutative diagram 

y — - psC^) 

v) 

s 

where ps{v) : ps(3^) — )• S is a family of p-stable curves of genus g. The family ps(w) : 
ps(3^) — ?• S is called the p-stable reduction ofv-.y^S. 

For every geometric point s (z S, the morphism ips ■ ys ^ ps(3^)s contracts the 
elliptic tails ofyg to cusps ofps{y)s- Moreover, the formation of ps{v) commutes with 
base change. 

Proof. If V : y ^ S is a family of stable curves, this is exactly the content of |HH091 
Sec. 3]. In what follows we will show how to generalize Hassett-Hyeon's argumentation 
in order to work out in our case. 

First of all, if S = k, then the statement follows from Proposition 3.1 in |HH09] . 
which asserts that given a stable curve C of genus g > 3, there is a replacement 
morphism ■ C ^ T{C), where T(C) is a pseudo-stable curve of genus g, which is 
an isomorphism away from the loci of elliptic tails and that replaces elliptic tails with 
cusps. The argumentation is local on the nodes connecting each genus-one subcurve 
meeting the rest of the curve in a single node. Since in a wp-stable curve all elliptic 
tails are connected to the rest of the curve via a single node, the same argumentation 
works also in our case with no further modifications. 

The whole question is now how to make it work over an arbitrary base S. Hassett 
and Hyeon's approach is then to consider the moduli stack of stable curves M.g and 
a faithfully flat atlas V — > Mg. The general case follows then by base-change from 
V ^Mg to S. 

In our case, we consider the stack J'' whose sections over a scheme S consist of 
families of wp-stable curves of genus g over S. 

CLAIM: is a smooth, irreducible algebraic stack. 

Indeed, is algebraic since it is an open substack of the stack of all genus g 

curves, which is well known to be algebraic (see e.g. [Hal]). By |Ser061 Prop. 2.4.8], 
an obstruction space for the deformation functor Defx of a wp-stable curve X is 
the vector space ^x.t'^{^\,Ox) which is zero according to |DM691 Lemma 1.3] since 
X is a reduced curve with locally complete intersection singularities. This implies 

''Unlike Mg, the stack M^"^ is non separated (although it is universally closed). This however does 
not interfere with the proof that follows. 
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that Defx is formally smooth, hence that A4g is smooth at X. Moreover, from 
|Ser06[ Thm. 2.4.1] and |Ser061 Cor. 3.1.13], it follows that a reduced curve with 
locally complete intersection singularities can always be smoothened; therefore the 
open substack A4g C A4^^ of smooth curves is dense. Since A4g is irreducible (by 
|DM69] ). we deduce that M^"^ is irreducible as well. 

Let now p.,^ : U -^J'' ^ faithfully flat atlas of and let tt : Z ^ U he 

the associated (universal) family of wp-stable curves. The idea is now to consider an 
invertible sheaf L on Z, which will be a twisted version of the relative dualizing sheaf 
of vr such that L is very ample away from the locus of elliptic tails, and instead has 
relative degree over all elliptic tails. Then use L to define an S'-morphism from Z 
to a family of p-stable curves which coincides with the previous one over all geometric 
fibers of tt. 

To be precise, denote by 6i C -M^^ the boundary divisor of elliptic tails on the 
universal stack over . An argument similar to the proof of the above Claim 

shows that A^Ji is smooth; hence 5i is a Cartier divisor. Let fi^^ : Z —?■ be the 

classifying morphism corresponding to the family vr : Z — > f/ and set L := u}T^{fi'^5i). 
The whole point is now to prove that tt^{L"') is locally free and that L" is relatively 
globally generated for n > and that the associated morphism factors through 

Z H T{Z) ^ Wi-nM') 

where TiZ) is a family of p-stable curves and coincides with the replacement mor- 
phism for a-ll geometric fibers C of vr. By browsing carefully through Hassett-Hyeon's 
argumentation, we easily conclude that everything holds also in our case. 

□ 

2.3. Quasi-wp-stable curves and wp-stable reduction. The most general class of 
singular curves that we will meet throughout this work is the one given in the following: 

Definition 2.6. 

(i) A connected curve X is said to be pre-wp- stable if the only singularities of X are 
nodes, cusps or tacnodes with a line. 

(ii) A connected curve X is said to be pre-p-stable if it is pre-wp-stable and it does 
not have elliptic tails. 

(iii) A connected curve X is said to be pre-stahle if the only singularities of X are 
nodes. 

Note that wp-stable (resp. p-stable, resp. stable) curves are pre-wp-stable (resp. 
pre-p-stable, resp. pre-stable) curves. Moreover, if p € X is a tacnode with a line lying 
m Di ^ and D2 as in ll.51 then {u:x)\d-i — ^Dt,, hence ujx is not ample. From this, 
we get easily that 

Remark 2.7. X is wp-stable (resp. p-stable, resp. stable) if and only if X is pre-wp- 
stable (resp. pre-p-stable, resp. pre-stable) and ujx is ample. 
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The pre-wp-stable curves that we will meet in this paper, even when non wp-stable, 
will satisfy a very strong condition on connected subcurves where the restriction of the 
canonical line bundle is not ample, i.e., on connected subcurves of genus zero that meet 
the complementary subcurve in less than three points. This justifies the following 

Definition 2.8. A pre-wp-stable curve X is said to be 

(i) quasi- wp-stable if every connected subcurve E C X such that gE = and kE <2 
satisfies E = F^ and kE = (and therefore it meets the complementary subcurve 
E'^ either in two distinct nodal points of X or in one tacnode of X). 

(ii) quasi- p- stable if it is quasi-wp-stable and pre-p-stable. 

(iii) quasi-stable if it is quasi-wp-stable and pre-stable. 

The subcurves E such E = and kE = '2 are called exceptional and the subcurve of X 
given by the union of the exceptional subcurves is denoted by X^xc- The complementary 
subcurve X^^^ = -'^ \ -'^exc is called the non- exceptional subcurve and is denoted by X. 

Equivalently, a quasi-wp-stable curve is a pre-wp-stable X such that ujx is nef (i.e. 
it has non-negative degree on every subcurve of X) and such that all the connected 
subcurves E C X such that deg^ujx = (which are called exceptional components) 
are irreducible. Note that the term quasi-stable curve was introduced in |Cap94[ Sec. 
3.3]. 

We summarize the different types of curves that we have so far introduced into the 
following table. 



SINGULARITIES 


Lox NEF + IRREDUCIBLE 
EXCEPTIONAL COMPO- 
NENTS 


Lox AMPLE 


pre-wp-stable = nodes, cusps, tacn- 
odes with a line 


quasi-wp-stable 


wp-stable 


pre-p-stable = pre-wp-stable without 
elliptic tails 


quasi-p-stable 


p- stable 


pre-stable = nodes 


quasi-stable 


stable 



Table 1. Singular curves 



Given a quasi-wp-stable curve Y, it is possible to contract all the exceptional sub- 
curves in order to obtain a wp-stable curve, which is called the wp-stable reduction of 
Y and is denoted by wps(Y). This construction indeed works for families. 
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Proposition 2.9. Let S he a scheme and u : X ^ S a family of quasi- wp- stable 
curves. Then there exists a commutative diagram 

X ^ wps(-^) 

s 

where wps(u) : wps(Af) — t- S is a family of wp-stable curves, called the wp-stable 
reduction of u. 

For every geometric point s € S, the morphism (f)s : Xg ^ wps{X)s contracts the 
exceptional subcurves E of Xg in such a way that 

(1) If E n E'^ consists of two distinct nodal points of X , then E is contracted to a 
node; 

(2) If E n E^ consists of one tacnode of X, then E is contracted to a cusp. 

The formation of wps(u) commutes with base change. Furthermore, if u is a family 
of quasi-p- stable (resp. quasi-stable) curves t/ien wps(u) is a family of p- stable (resp. 
stable) curves. 

Proof. We will follow the same ideas as in the proof of |Knu831 Prop. 2.1] and of 
|Melll[ Prop. 6.6]. Consider the relative dualizing sheaf tOu '■= ^xjs of the family 
u: X ^ S. It is a line bundle because the geometric fibers of u are Gorenstein curves 
by our assumption. From Corollary 113.71 in the Appendix we get that for all i > 2, 
the restriction of cj^ to a geometric fiber Xg is non-special, globally generated and, if 
i > 3, normally generated. Then, we can apply |Knu831 Cor. 1.5] to get the following 
properties for cou- 

(a) R^u^ioi) = (0) for alH > 2; 

(b) is S'-flat for all i > 2; 

(c) for any morphism T — ?> S there are canonical isomorphisms 
for any i >2; 

(d) the canonical map uj\^ is surjective for all i > 3; 

(e) the natural maps ® "a^uj\ — )■ (n*a;jj)*+^ are surjective for i > 1. 

Define now 

Si := u^iiJ'y), for all i > 0. 
By (a) and (b) above, we know that Si is locally free and flat on S for i > 2. Consider 

P(53) ^ S. 

Since, by (d) above, the natural map 
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is surjective, we get that there is a natural 5-morphism 



X P(53) 




S 



Denote by y the image of X via q and by (j) the (surjective) S-morphism from X io y. 
By (e) above, we get that 

y = Vroj{®i>oSi). 

So, 4) : y ^ S \s flat since the SiS are flat for i > 2. To conclude that 3^ ^ S is a 
family of wp-stable curves note that the restriction of to the geometric fibers of u 
has positive degree in all irreducible components except the exceptional ones, where it 
has degree 0. Indeed, it is easy to see (see for example |Cat821 Rmk. 1.20]) that, on 
each geometric fiber Xg, (j) contracts an exceptional component E Q Xg to a node if E 
meets the complementary curve in two distinct nodal points and to a cusp if E meets 
the complementary subcurve in one tacnode. Moreover, $ is an isomorphism outside 
the non exceptional locus. We conclude that 3^ — > 5 is a family of wp-stable curves, so 
we set wps{X) := y and wps(u) := 3^ — )• S. 

Property (c) above implies that forming wps is compatible with base-change. 

The last assertion is clear from the above geometric description of the contraction 
(l)s : Xg ^ wps{X)s on each geometric point of u. 

□ 

Remark 2.10. If u : X S'isa family of quasi-stable curves then the wp-stable 
reduction wps(u) : wps(r^) — )■ S coincides with the usual stable reduction s(u) of u (see 
e.g. [KnuSSQ . 

The wp-stable reduction allows us to give a more explicit description of the quasi- 
wp-stable curves. 

Corollary 2.11. A curve X is quasi- wp- stable (resp. quasi-p- stable, resp. quasi- 
stable) if and only if can be obtained from a wp-stable (resp. p-stable, resp. stable) 
curve Y via an iteration of the following construction: 

(i) Normalize Y at a node p and insert a P"*^ meeting the rest of the curve in the two 
branches of the node. 

(a) Normalize Y at a cusp and insert a P-*^ tangent to the rest of the curve at the 
branch of the cusp. 

In this case, Y = wps(X). In particular, given a wp-stable (resp. p-stable, resp. stable) 

curve Y there exists only a finite number of quasi- wp-stable (resp. quasi-p- stable, resp. 

quasi-stable) curves X such that wps(X) = Y, which we call quasi-wp-stable (resp. 

quasi-p-stable, resp. quasi-stable j models ofY. 
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Note that the above operation ([n]) cannot occur for quasi-stable curves. With a 
sHght abuse of terminology, we call the above operation ^ (resp. (jn])) the blow-up of 
a node (resp. of a cusp). 



Proof. We will prove the Corollary only for quasi-wp-stable curves. The remaining 
cases are dealt with in the same way. 

Let X be a quasi-wp-stable curve and set Y := wps(X). By Proposition 12. 9|, the 
wp-stablization (p : X ^ Y = wps(X) contracts each exceptional component E of X 
to a node or a cusp according to whether E CiE^ consists of two distinct points or one 
point with multiplicity two. Therefore X is obtained from y by a sequence of the two 
operations (ji]) and ([n]). 

Conversely, if X is obtained from a wp-stable curve y by a sequence of operations 
^ and (jn]), then clearly X is quasi-wp-stable and Y = wps(X). 

The last assertion is now clear. □ 

We end this section with an extension of the p-stable reduction of Proposition 12.51 
to families of quasi-wp-stable curves. 

Definition 2.12. Let S" be a scheme and u : X S he a family of quasi-wp-stable 
curves of genus g > 3. Then there exists a commutative digram 



where the family wps(u) is the wp-stable reduction of the family u (see Proposition 
12. 9p and the family ps(wps(u)) is the p-stable reduction of the family wps(u) (see 
Proposition 12. 5j) . 

We set ps(u) := ps(wps(u)) and we call it the p-stable reduction of u. 

3. Combinatorial results 

The aim of this section is to collect all the combinatorial results that will be used in 
the sequel. 

3.1. Balanced multidegree and the degree class group. Let us first recall some 
combinatorial definitions and results from |Cap94[ Sec. 4]. Although the results in loc. 
cit. are stated for nodal curves, a close inspection of the proofs reveals that the same 
results are true more in general for Gorenstein curves. 

So, we fix a connected Gorenstein curve X of genus g > 2 and we denote by 
Ci,...,C^ the irreducible components of X. A multidegree on X is an ordered 7- 
tuple of integers 



wps(A') 



ps(wps(Af)) := \is{X) 




S 
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We denote by \d\ = Yli=idci total degree of d. Given a subcurve Z C X, we set 
d^ '■= Y2ciCZ ^C'i- The term multidegree comes from the fact that every hne bundle 
L on X has a multidegree degL given by degL := (deg^^L, . . . ,degQ^L) whose total 
degree |degL| is the degree degL of L. 

We now introduce an inequality condition on the multidegree of a line bundle which 
will play a key role in the sequel. 

Definition 3.1. Let d be a multidegree of total degree \d\ = d. We say that d is 
balanced if it satisfies the inequality (called basic inequality) 

kz 



(3.1) 



dy degyUJX 



< 



for every subcurve Z C X. 

■id 



We denote by By the set of all balanced multidegrees on X of total degree d. 



Following |Cap94 Sec. 4.1], we now define an equivalence relation on the set of 



multidegrees on X. For every irreducible component Cj of X, consider the multidegree 
Ci = ((Cj)i, • • • , {Ci)'y) of total degree defined by 



1J3 



El 



i\QnCj\ iii^j, 
\CinCk\ ifi=j. 

More generally, for any subcurve Z C X, we set Z := ^q.cz ^i- 

Denote by Ax ^ '^'^ the subgroup of Z"' generated by the multidegrees Cj for i = 
1,...,7. It is easy to see that Cj = and this is the only relation among the 
multidegrees Q. Therefore, Ax is a free abelian group of rank 7 — 1. 

Definition 3.2. Two multidegrees d and d! are said to be equivalent, and we write 
d = df, ii d — d' G Ax- In particular, d = df then \d\ = \df\. 

For every d S Z, we denote by the set of equivalence classes of multidegrees of 
total degree d = \d\. Clearly A^^- is a finite group under component- wise addition of 
multidegrees (called the degree class group of X) and each A^ is a torsor under Aj^-. 

The following two facts will be used in the sequel. The first result says that ev- 
ery element in A^ has a balanced representative. The second result investigates the 
relationship between balanced multidegrees that have the same class in A^. 

Fact 3.3 (Caporaso). For every multidegree d on X of total degree d = \d\, there exists 
df G Bj^ such that d = d!. 



For a proof see |Cap94 Prop. 4.1]. Note that in loc. cit. the above result is only 



stated for a nodal curve X and d = 0. However, a closer inspection of the proof shows 
that it extends verbatim to our case. See also \MY\ Prop. 2.8] for a refinement of the 
above result. 
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Fact 3.4 (Caporaso). Let d,d! G Bj^. Then d = d! if and only if there exist subcurves 
■Z^i C . . . C Zm of X such that 

flz, = 2g _ 2 ^^g^»^^ + — forl<t<m, 

m 

d! = d + Y,Zi_. 

i=l 

Moreover, the subcurves Zi can be chosen in such a way that Zf n = for i > j. 

For a proof see |Cap94 p. 620 and p. 625]. In loc. cit., the result is stated for 
DM-semistable curves but the proof extends verbatim to our case. 

3.2. Stably and strictly balanced multidegrees on quasi-wp-stable curves. 

We now speciahze to the case where X is a quasi-wp-stable curve of genus g > 2 (see 
Definition [13]) 0. 

Given a balanced multidegree d on X, the basic inequality ()3.ip gives that d^ = 
— 1,0,1 for every exceptional subcurve E C X. The multidegrees such that d^ = 1 
on each exceptional subcurve E C X will play a special role in the sequel; hence they 
deserve a special name. 



Definition 3.5. We say that a multidegree d on X is properly balanced if d is balanced 
and d^ = 1 for every exceptional component E X. 

d. 



We denote by Bi the set of all properly balanced multidegrees on X of total degree 



The aim of this subsection is to investigate the behavior of properly balanced multi- 
degrees on a quasi-wp-stable curve X, which attain the equality in the basic inequality 
(jS.ip relative to some subcurve Z C X. Let us denote the two extremes of the basic 
inequality relative to Z by 



(3.2) 



d kz 
mz ^=^deg^^^--, 

Mz:=——^degzu:x + -, 



2g 

Note that mz = Mz<^ and Mz = mz<^- The definitions below will be important in what 
follows. 

Definition 3.6. A properly balanced multidegree d on X is said to be 

(i) strictly balanced if any proper subcurve Z <Z X such that dz = Mz satisfies 

Z n C Xexc- 

(ii) stably balanced if any proper subcurve Z d X such that = Mz satisfies 



Actually, the reader can easily check that all the results of this subsection are valid more in general 
if X is a G-quasistable curve of genus y > 2 in the sense of Definition 1 13. II 
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In the case where X is a quasi-stable curve, the above Definition I3.6l |i|) coincides with 
the definition of extremal in [Cap94 Sec. 5.2], while the Definition I3.6l|ii|) coincides 



with the definition of G-stable in [Cap94 Sec. 6.2]. Here we adopt the terminology of 
IBFVlll Def. 2.4]. 

Definition 3.7. We will say that a line bundle L on X is balanced if and only if 
its multidegree degL is balanced. Similarly for properly balanced, strictly balanced, 
stably balanced. 

Remark 3.8. In order to check that a multidegree d on X is balanced (resp. strictly 
balanced, resp. stably balanced), it is enough to check the conditions of Definitions 13. II 
and 13.61 only for the subcurves Z d X such that Z and Z'^ are connected. This follows 
easily from the following facts. If Z is a subcurve of X and we denote by {Zi, . . . , Z^} 
the connected components of Z, then 

(i) The upper (resp. lower) inequality in (|3.ip is achieved for Z if and only if the 
upper (resp. lower) inequality in (13. ip is achieved for every Zi. This follows from 
the (easily checked) additivity relations 

deg^L = ^deg^.L, 

i 

deg^wx = ^deg^^wx, 

i 

i 

(ii) Z D Z'^ C Xexc if and only if Zi D Zf C X^xc for every i. Similarly, Z C Xexc if 
and only if Zi C X^xc for every Zi. 

(iii) If is connected, then Z? = Uj^iZj U Z'^ is connected for every Zi. 

The next result explains the relationship between stably balanced and strictly bal- 
anced line bundles. 

Lemma 3.9. A multidegree d on a quasi-wp- stable curve X of genus g > 2 is stably 
balanced if and only if d is strictly balanced and X = X \ X^^c is connected. 

Proof. The proof of [BFVIH Lemma 2.7] extends verbatim from quasi-stable curves to 
quasi-wp-stable curves. □ 



The importance of strictly balanced multidegrees is that they are unique in their 

d 



equivalence class in A'L, at least among the properly balanced multidegrees 



Lemma 3.10. Let d,c^ G Bj^ be two properly balanced multidegrees of total degree d 
on a quasi-wp-stable curve X of genus g>2. Ifd = d! and d is strictly balanced, then 
d = d!. 
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Proof. According to Fact 13.41 there exist subcurves .Z'l C . . . C Zm of X such that 

m 

(3.3) d! = d + Y,^, 

i=l 

(3.4) dz^ = ^^-T^deg^^^x + ^ for 1 < i < m, 

(3.5) n = for i > j. 

Assume, by contradiction, that d ^ d'; hence, using (j3.3p . we can assume that Z := Z\ 
is a proper subcurve of X. From (j3.4p and the fact that d is strictly balanced, we 
deduce that Z {^Z^ C Xcxc- Therefore, there exists an exceptional subcurve E C Xcxc 
such that one of the following four possibilities occurs: 

Case (I): C Z and \E ^ = 1, 

Case (II): C Z and \Er\ Z"\ = 2, 

Case (III): C and \E r^ Z\ = 1, 

Case (IV): E C Z^ and \E r\ Z\ = 2. 

Note that in Cases (II) or (IV) , we have that the intersection of E with Z or Z'^ consists 
either of two distinct points or of one point of multiplicity two. 
Claim : Cases (III) and (IV) cannot occur. 

By contradiction, assume first that case (III) occurs. Consider the subcurve Z U E 
of X. We have clearly that 

dzuE = dz + 1, 
degzus'^x = degzUJx, 
kzuE = kz- 
Therefore, using (j3.4p . we have that 

dzuE = dz + l = ^^—^degzUJx + 2g-2 ^^^^^^^ ' 

which contradicts the basic inequality (|3.ip for d with respect to the subcurve ZUE C 
X. 

Assume now that case (IV) occurs. For the subcurve Z U E Q X, we have that 

dzuE = dz + 1, 

degzuE^x = degzUJx, 

kzuE = kz -2. 

Therefore, using ()3.4p . it follows that 

A d kz d kzuE , „ 

dzuE = dz + ^ = 2g-2 ^^^^^ T 2g-2 ^^^^^^-^ ' 



which contradicts the basic inequality (j3.ip for d with respect to the subcurve ZU E CI 
X. The claim is now proved. 
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Therefore, only cases (I) or (II) can occur. Note that 

-1 if case (I) occurs. 



(3.6) ZE = -\EnZ'' 



-2 if case (II) occurs. 



Note also that, in any case, we must have that E <^ Z = Zi. Using (j3.5p . we get that 
E r\ Zf = % for any z > 1, which implies that 

(3.7) Zi^ = for any i > 1. 

We now evaluate (|3.3p at the subcurve E: using that = I because d is strictly 
balanced and equations (13. 6p and (13. 7p . we conclude that 



if case (I) occurs, 

d:E = { 

1—1 if case (II) occurs. 

In both cases, this contradicts the assumption that df is properly balanced, q.e.d. □ 

We conclude this subsection with the following Lemma, that will be used several 
times in what follows. 

Lemma 3.11. Let X, Y and Z be quasi-wp- stable curves of genus g > 2. Let a : 
Z X and a' : Z Y be two surjective maps given by blowing down some of the 
exceptional components of Z. Let d (resp. df ) be a properly balanced multidegree on X 
(resp. on Y). Denote by d the pull-back of d on Z via a, i.e., the multidegree on Z 
given on a subcurve W ^ Z by 



dw 



da{yY) (^{W) is a subcurve of X, 

if W is contracted by a to a point. 



In a similar way, we define the pull-back d' of d! on Z via a'. The following is true: 
(i) d and df are balanced multidegrees. 

(a) If d is strictly balanced and d = d[ then there exists a map t : X —?■ Y such that 
the following diagram commutes 



Z 



X ^ Y 





Proof. Part ([i]): let us prove that d is balanced; the proof for d' being analogous. 
Consider a connected subcurve W C Z and let us show that d satisfies the basic 
inequality ()3.ip with respect to the subcurve W C Z. If is contracted by o" to a 
point, then W must be an exceptional component of Z. In this case, we have that 
dz = 0, kw = 2 and deg^y(a;^) = so that (|3.ip is satisfied. If a{W) is a subcurve 
of X, then d^y = dcr{w) and, since a contracts only exceptional components of Z, it is 
easy to see that deg^^{uz) = deg^(p^/) (wx) and that \W n W^] = |cr(VF) n (t(VF)'^| as 
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it is easily seen from the fact that . Therefore, in this case, the basic inequahty for d 
with respect to W fohows from the basic inequahty for d with respect to a{W). 

Part (jn]): start by noticing that if every exceptional component E C Z which is 
contracted by a is also contracted by a' then a' factors through a, so the map r 
exists. Let us now prove that in order for the map r to exist, it is also necessary that 
every exceptional component E C Z which is contracted by a is also contracted by a' . 
By contradiction, assume that r exists and that there exists an exceptional subcurve 
E C Z which is contracted by a but not by a' . Then we have that 



(3.8) 



0, 



d' 



■a{E) 



where in the last equation we have used that cr(E') is an exceptional component of Y 
and that d' is properly balanced. 

Since d is equivalent to d' by assumption. Fact 13.41 implies that we can find subcurves 
WiC... CWm'ZZ such that 



(3.9) 



(3.10) 



d 



i=l 



d'wi — 
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—degw^uz + — for 1 



< i < m, 



(3.11) 



From dMD and ^M), we get that 

m 

(3.12) Y.^L 



for i > j. 



-1. 



1=1 



Denote by Ci and C2 the irreducible components of Y that intersect E, with the 
convention that Ci = C2 if there is only one such irreducible component of Y that meets 
E in two distinct points or in one point with multiplicity 2. It follows directly from 
the definition of W_ (see Section [3]) that for any subcurve W Z with complementary 
subcurve we have that 

2 if £; C and Ci U C2 C W, 

1 if ii^ C and exactly one among Ci and C2 is a subcurve of W, 
Oif EUC1UC2QW'' ov EuCiUC2<ZW, 
-1 E Q W and exactly one among Ci and C2 is a subcurve of W, 
-2iiE and Ci U C2 C W. 



Wr 



Using this formula, together with (j3.12p and (j3.1ip . it is easy to see that Ci must 
be different from C2 and that, up to exchanging Ci with C2, there exists an integer 



22 




1 < q < m such that 

\B U Ci U Ca C iii<q, 
(3.13) { EuCiCWq and C2 C W^^, 

EUCiUC2<^Wi ifi>q. 

Let us now compute d^y . From (13. lip , we get that 



Combining this with ()3.9p and (I3.10p . we get that 

(3-14) 2w, = d'wg - kw, = ^^Z^'i^SWg^z - 

Consider now the subcurve cr{Wq) of X. By ()3.14p . we have that 

Quriw^) = dw^ = 2g _ 2 ^^^1^^ 2g - 2 ^^"^^''^^^ 2 — ' 

and by (|3.13p we have that 

a{Wg) n aiWgY 2 Xexc 

This contradicts the fact that d is strictly balanced, q.e.d. 



□ 



4. Preliminaries on GIT 

4.1. Hilbert and Chow schemes of curves. Fix, throughout this paper, two inte- 
gers d and g > 2 and write d := v{2g — 2) = 2v{g — 1) for some (uniquely determined) 
rational number v. Set r + l:=d — g + l = {2v — l){g — 1). 

Let Hilbrf the Hilbert scheme parametrizing subschemes of P'' = P(T^) having Hilbert 
polynomial P{m) := md + 1 — g, i.e., subschemes of of dimension 1, degree d and 
arithmetic genus g. An element [X C P'^] of Hilb^ is thus a 1-dimensional scheme 
X of arithmetic genus g together with an embedding X P** of degree d. We let 
Oxil) ■.= i*Or{l) e Pic'i(X). 

It is well-known (see \MS\ Lemma 2.1]) that for any m > M := (2) + 1 — 5 and any 
[X C PH € Hilbd it holds that: 

• Ox{m) has no higher cohomology; 

• The natural map 

Sym"^y^ ^ T{Ox{m)) = H\X,Ox{m)) 



is surjective. 
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Under these hypothesis, the m-th Hilbert point of [X C P*"] G Hilb^ is defined to be 

/P(m) \ 

[X C PHm := [Sym'"^^^ ^ T{Ox{m))\ G Gr(P(m), Sym'^F^) ^ P /\ Sym™"V^v , 

where Gr(P(m), Sym™!/^) is the Grassmannian variety parametrizing P(m)-dimensional 
quotients of Sym™'!/^, which lies naturally in P ^/^^('") Sym™'!/^^ via the Pliicker em- 
bedding. 

For any m > M, we get a closed SL(V)-equivariant embedding (see |Mum66t Lect. 
15]): 

jm : Hilbrf ^ Gr(P(m), Sym^l/V) ^ F{/\^^"''^ Sym^F^) := P 
[XCPT ^ [XCF^U. 
Therefore, for any m > M, we get an ample SL(V)-linearized line bundle : — 
j^C'p(l) and we denote by 

Hilb^'"" C Hilb^''"" C Hilbrf 

the locus of points that are, respectively, stable and semistable with respect to A^- If 
[X C P^ G HilbJ™ (resp. [X C P^ G Hilb^'''"'), we say that [X C P''] is m-Hilhert 
stable (resp. semistable). 

The ample cone of Hilb admits a finite decomposition into locally-closed cells, such 
that the stable and the semistable locus are constant for linearizations taken from a 
given cell jDH98[ Theorem 0.2.3(i)]. In particular, Hilb'*'™ and Hilb'''''™ are constant 
for 0. We set 

Hilb^ := Hilb^'™ for m > 0, 
Hilb^" := Hilb^"'™ for m > 0. 
If [X C PH G Hilb^ (resp. [X C P^ G Hilb^'), we say that [X C P^ is Hilbert stable 
(resp. semistable). If [X C P^ G Hilb^' is such that the SL(V)-orbit of [X C P^ is 
closed inside Hilb^'' then we say that [X C P''] is Hilbert polystable. 

Let Chow,;; ^ P((8)^Sym'^l/'^) := P' the Chow scheme parametrizing 1-cycles of P^ of 
degree d together with its natural SL(V)-equi variant embedding j into the projective 
space F{(g>^Syn/V'^) (see |Mum66[ Lect. 16]). Therefore, we have an ample SL(V)- 
linearized line bundle A := j*Of"{l) and we denote by 

Chow^ C Chow^'' C Chowrf 

the locus of points of Chow^ that are, respectively, stable and semistable with respect 
to A. 

There is an SL(V)-equivariant cycle map (see |MFK94t §5.4]): 

Ch : Hilbd — > Chow^ 
[X C PT ^ Ch([X C P^). 

We say that [X C P^ G Hilb^ is Chow stable (resp. semistable) if Ch([X C P'']) G 
Chow^ (resp. Chow^"). We say that [X C P*"] G Hilb^ is Chow polystable if Ch([X C 
P^]) G Chow^'^ and its SL(V)-orbit is closed inside Chow^''. Clearly this is equivalent to 

24 



asking that [X C G Ch~^(Chow^") and that the SL(V)-orbit of [X C is closed 
inside Ch-i(Chow^"). 

The relation between asympotically Hilbert (semi)stability and Chow (semi) stability 
is given by the following (see [HH^ Prop. 3.13]) 

Fact 4.1. There are inclusions 

Ch~i(Chow^) C Hilb^ C Hilb^" C Ch-^(Chow^"). 

In particular, there is a natural morphism of GIT-quotients 

mih'//SL{V) Ch-\Chowf) /SL{V). 

Note also that in general there is no obvious relationship between Hilbert and Chow 
polystability. 

4.2. Hilbert-Mumford's criterion for m-Hilbert and Chow (semi) stability. 

Let us now review the Hilbert-Mumford's numerical criterion for the m-Hilbert (semi)stability 
and Chow (semi)stability of a point [X C P*"] G Hilb^, following |Gie821 Sec. O.B] and 
|Mum77l Sec. 2] (see also |HM981 Chap. 4.B]). Although the criterion in its original 
form involves one parameters subgroups (in short Ips) of SL(V), it is technically con- 
venient to work with Ips of GL(V) (see |Gie821 pp. 9-10] for an explanation on how to 
pass from Ips of SL(V) to Ips of GL(V), and conversely). 

Let p : Gm GL(V) be a Ips and let xq, . . . , be coordinates of V that diagonalize 
the action of p, so that for i = 0, . . . , r we have 

p{t) ■ Xi = t^^Xi for z = 0, . . . , r; 

where Wi (z Z and wq > . . . > Wr = 0. The total weight of p is by definition 

r 

w{p) := ^Wj. 
i=0 

Given a monomial B = Xq° . . . Xr'' , we define the weight of B with respect to p to be 

r 

wp{B) = y^ftwi. 

i=0 

For any m > M as in Section [4.11 and any Ips p of GL(V), we introduce the following 
function 

r Pirn) ^ 

(4.1) Wx,p{m) := min j Wp{B,) \ , 

where the minimum runs over all the collections of P{m) monomials {Bi, . . . , i?p(^)} G 
Sym™yv which restrict to a basis of H^iX, Ox{m)). It is easy to check that Wx,pim) 
coincide with the filtered Hilbert function of jHHl Def. 3.15]. In the sequel, we will 
often write Wp{m) instead of Wx,p{m) when there is no danger of confusion. 

The Hilbert-Mumford's numerical criterion for m-th Hilbert (semi)stability trans- 
lates into the following (see |(:iie82l p. 10] and also \RM9S\ Prop. 4.23]). 
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Fact 4.2 (Numerical criterion for m-Hilbert (semi)stability). Let m > M as 

before. A point [X C P*"] S Hilb^ is m-Hilbert stable (resp. semistable) if and only if 
for every Ips p : Gm GL(V) of total weight w{p) we have that 



lx{[X C Pn^,p) := ^mP(m) - Wx,p{m) > 



(resp. >). 



Indeed, the function p{[X C P'']m,/?) introduced above coincides with the Hilbert- 
Mumford index of [X C P^™ G P (^^^^"^^ Sym^l/^) relative to the Ips p (see |MJ^'K94l 
2.1]). 

The function Wx,p{m) also allows to state the numerical criterion for Chow (semi)stability. 
According to |Mum771 Prop. 2.11] (see also [HHl Prop. 3.16]), the function Wx,p(w.) 
is an integer valued polynomial of degree 2 for m ^ 0. We define ex,p (or Cp when 
there is no danger of confusion) to be the normalized leading coefficient of Wx,p{m), 
i.e., 

,2 



(4.2) 



Wx,p{m) - ex,p 



m 

T 



< Cm, 



for m ^ and for some constant C. 

The Hilbert-Mumford's numerical criterion for Chow (semi) stability translates into 
the following (see |Mum771 Thm. 2.9]). 

Fact 4.3 (Numerical criterion for Chow^ (semi) stability). A point [X C P'^] G 
Hilbd is Chow stable (resp. semistable) if and only if for every Ips p : Gm GL(V) 
of total weight w{p) we have that 

w{p) 



ex,p < 2d ■ 

r + 1 



(resp. <). 



Remark 4.4. Observe that 2d ■ is the normalized leading coefficient of the poly- 
nomial ^^^^mP{m) = ^^^m{dm + 1 — g). Therefore, combining Fact 14.31 and Fact 14.21 
for m ^ 0, one gets a proof of Fact 14.11 

4.3. Basins of attraction. Basins of attraction represent a useful tool in the study 
of the orbits which are identified in a GIT quotient. We review the basic definitions, 
following the presentation in jHH[ Sec. 4]. 

Definition 4.5. Let [Xq C P*"] € Hilb^ and p : Gm GLj+i a Ips of GLr+i that 
stabilizes [Xq C P^]. The p-basin of attraction of [Xq C P*"] is the subset 

A,i[XQ C PI) := {[X C PI G Hilbrf : limp(t) • [X C P^ = [Xq C P^}. 

Clearly if [X C P^ G Ap{[Xo C P^) then [Xq C P''] belongs to the closure of the 
SLr+i orbit of [X C P**]. Therefore, if [Xq C P*^] is Hilbert semistable (resp. Chow 
semistable) then every [X C P*"] G Ap{[XQ C P**]) is Hilbert semistable (resp. Chow 
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semistable) and is identified with [Xq C P*"] in the GIT quotient Hilh^/ / S Lr+i (resp. 
Ch-HChow^")/5L^+i). 

The following well-known properties of the basins of attraction (see e.g. [HHl p. 
24-25]) will be used in the sequel. 

Fact 4.6. Same notations as in Definition \4.5\ and let m > M as in Section \4-l\ 

(i) Iffi{[Xo C F'Up) < (resp. ex,,p >2d-'^) then every [X C P^ £ Ap{[Xo C 
P*"]) is not m-Hilbert semistable (resp. not Chow semistable). 

(ii) If n{[Xo C Pnm,p) = (resp. exo,p = 2d-^) then [Xq C P^ is m-Hilbert 
semistable (resp. Chow semistable) if and only if every [X C P'] G y4p([Xo C P*"]) 
is m-Hilbert semistable (resp. Chow semistable). 

4.4. Stability of smooth curves and Potential stability. Here we recall two basic 
results due to Mumford and Gieseker: the stability of smooth curves of high degree 
and the (so-called) potential stability theorem. 

Fact 4.7. // [X C P*"] G Hilb^ is connected and smooth and d > 2g + 1 then [X C P**] 
is Chow stable. 

For a proof, see |Mum77l Thm. 4.15]. In |Gie82t Thm. 1.0.0], a weaker form of the 
above Fact is proved: if [X C P''] € Hilb^ is connected and smooth and d > 10(2(7 — 2) 
then [X C P^ is Hilbert stable. See also |HM98l Chap. 4.B] and jMorlOi Sec. 2.4] for 
an overview of the proof. 

Fact 4.8 (Potential stability). If d > 4(2^-2) and [X C P^ G Ch"^(Chow^^) C Hilb^ 
with X connected then: 

(i) X is pre-stable, i.e. it is reduced and has at most nodes as singularities; 

(ii) X C P*" is non- degenerate, linearly normal (i.e., X is embedded by the complete 
linear system \Oxi^)\) and Ox{^) is non- special (i.e., H^{X,Ox{l)) = 0); 

(Hi) The line bundle Ox{^) on X is balanced (see Definition \3.7\ ). 

For a proof, see jMum77| Prop. 4.5]. In [Gie82l Thm. 1.0.1, Prop. 1.0.11], the same 
conclusions are shown to hold under the stronger hypothesis that [X C P*"] G Hilb^* 
and d > 10{2g - 2). See also \RM9H\ Chap. 4.C] and [MorlOl Sec. 3.2] for an overview 
of the proof. 

Remark 4.9. The hypothesis that d > 4:{2g - 2) in Fact \SM is sharp: in |HM10| it 
is proved that all the 4-canonical p-stable curves (which in particular can have cusps) 
belong to Hilb4^2g-2) ■ 

5. Potential pseudo-stability theorem 

The aim of this section is to generalize the Potential stability theorem (see Fact 14. Sp 
for lower values of d. The main result is the following theorem, which we call potential 
pseudo-stability Theorem for its relations with the pseudo-stable curves (see Definition 

EHmD). 
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Theorem 5.1. (Potential pseudo-stability theorem) If d > 2{2g — 2) and [X C P*"] € 
Ch^^(Chow^*) C Hilbrf with X connected, then 

(i) X pre-wp-stable, i.e. it is reduced and its singularities are at most nodes, cusps 

and tacnodes with a line, 
(ii) X C is non- degenerate, linearly normal (i.e., X is embedded by the complete 

linear system \Oxi^)\) and Oxi^) is non-special (i.e., H^{X,Oxi^)) — ^)'! 
(Hi) The line bundle on X is balanced (see Definition \37' 



Proof. The proof is an adaptation of the results in [Mum77| , |Gie82j , |Sch91j and [HHl 
Sec. 7]. Let us indicate the different steps of the proof. Suppose that [X C P''] G 
Ch~^(Chow^'') C Hilbd with X connected. 

• X \s generically reduced: same proof of |Sch911 Lemma 2.4] which works under 
the assumption that d > 2{2g — 2) or jHHl Lemma 7.4] which works under the 
assumption that d > ^{2g — 2). 

• X does not have triple points: same proof of jMum771 Prop. 3.1, p. 69] (see 
also |Sch9H Lemma 2.1]) or |Gie821 Prop. 1.0.4], both of which are easily seen, 
by direct inspection, to work under the assumption that d > ^{2g — 2). 

• X does not have non-ordinary cusps: same proof of |Sch9H Lemma 2.3] which 
works for d > 2(2^^ - 2) or |HH1 Lemma 7.2] which works for d > ^{2g - 2). 

• X does not have higher order tacnodes or tacnodes in which one of the two 
branches does not belong to a line: same proof of |Sch91l Lemma 2.2], which 
works for d > 2{2g - 2). 

• X is reduced and I5.1l|n|) and I5.1l|ni|) hold: Mumford's argument in the proof of 
[Mum77l Prop. 5.5] goes through except for the proof that if Ci is an irreducible 
component of Xred then Hi{Ci, Oci (1)) =0 (compare also with |Sch91l Lemma 
2.5] and [HHl Prop. 7.6]). So let us see how to modify the argument of Mumford 
to get the same conclusion also in our case. Suppose, by contradiction, that 
Ci is an irreducible component of Xred such that ff^(Ci, Oci (1)) 0- By the 
Clifford's theorem for reduced curves with nodes, cusps and tacnodes of |HH1 
Thm. 7.7] (generalizing the Clifford's theorem of Gieseker- Morrison for nodal 
curves in |Gie821 Thm. 0.2.3]), we get that 

(5.1) ,«(c„Oc,(l))<^5^?£|^ + l. 

By the inequality (5.7) of |Mum77t Pag. 96], whose proof works without any 
assumption on d, we get that 

2?; 

(5.2) kc, + 2degc,{Oil)) < 2^-—^h\Cu OcAm 

where d = v{2g — 2). Combining the above inequalities (j5.ip and ()5.2p and 
using our assumption that v > 2, we get that 

2degc,(0(l)) < kc, + 2deg,;,(0(l)) < 2^/iO(Ci, OcA^)) < 2^ (^^fl^L^ + , 
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which gives degc^O{l) < 4. Substituting in (f5?T]) . we get that /i°(Ci, Oci (1)) < 
3. Since Oc^(l) is very ample, we must have that Ci = and Oci{^) = 
Opi(l). However, i/^(P^, Opi (1)) = and we get a contradiction. 

□ 

Remark 5.2. The hypothesis that d > 2{2g — 2) in the above Theorem ()5.ip is sharp: 
in |HH1 Thm. 2.14] it is proved that all the 2-canonical h-stable curves in the sense of 
|HH1 Def. 2.5, Def. 2.6] (which in particular can have arbitrary tacnodes and not only 
tacnodes with a line) belong to Hilb2(2g-2) • 

5.1. Balanced line bundles and quasi-wp-stable curves. The aim of this subsec- 
tion is to study the following 

Question 5.3. Given a pre-wp-stale curve X, what kind of restrictions does the exis- 
tence of an ample balanced line bundle L impose on X? 

The following result gives an answer to the above question. 

Proposition 5.4. Let X be a pre-wp- stable curve of genus g > 2. If there exists an 
ample balanced line bundle L on X of degree d > g — 1 then X is quasi-wp-stable and 
L is properly balanced. 

Proof. Let Z he a connected rational subcurve of X (equivalently Z is a chain of P^'s) 
such that kz <2. Clearly fc^ > 1 since X is connected and Z ^ X because g >2. 

If kz = 1 then deg z{ujx) = — 1 and the basic inequality (|3.ip together with the 
hypothesis that d > g — 1 gives that 

deg^(L) < ^^degzM + ^ = + ^ < 0. 

This contradicts the fact that L is ample. 

If kz = 2 then deg^(a;x) = and the basic inequality (jS.ip gives that 

deg^(L) < ^-^deg^(wx) + Y = 1- 

Since L is ample, it has positive degree on each irreducible component of Z; therefore 
Z must be irreducible which implies that Z = F^ and deg^L = 1. □ 

Combining the previous Proposition 15.41 with the potential stability Theorem (see 
Fact 14. 8p and the potential pseudo-stability Theorem 15. H we get the following 

Corollary 5.5. 

(i) If d> 2{2g - 2) and [X C P''] G Ch"^(Chow^'') C Hilb^ with X connected then 
X is a quasi-wp-stable curve and Ox{f) is properly balanced. 

(ii) Ifd> A{2g - 2) and [X C P"'] G Ch"^(Chow^") C Hilbrf with X connected then 
X is a quasi-stable curve and Ox{f) is properly balanced. 

Note that, by Proposition I13.3l |ii|) of the Appendix, we have the following Remark, 
which can be seen as a partial converse to Proposition 15.41 
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Remark 5.6. A balanced line bundle of degree d > ^{2g — 2) on a quasi- wp-stable 
curve X is properly balanced if and only if it is ample. Therefore, for d > ^{2g — 2), 
the set Bj^ is the set of all the multidegrees of ample balanced line bundles on X. 



6. Elliptic tails 
The aim of this section is to prove the following 

Theorem 6.1. If 2{2g - 2) < d < l{2g - 2) and [X C V'] G Ch~^(Chow^") C Hilbd 
with X connected, then X does not have elliptic tails. 

Proof. Assume that 2(2^ - 2) < d < |(2c/ - 2) and let [X C P*"] € Ch-i(Chow^') C 
Hilbrf with X connected. We known that X is quasi-wp-stable by Corollary I5.5l|ii|) 
and L := Ox (1) is very ample, non special and balanced of degree d by the potential 
pseudo-stability Theorem 15. 11 

Suppose that X has an elliptic tail, i.e. we can write X = Y L) F where F Q X is a 
connected subcurve of arithmetic genus 1, y C X is a connected subcurve of arithmetic 
genus g — 1 and FCiY = {p} where p is a nodal point of X which is smooth in F and Y. 
We want to show, by contradiction, that [X C P**] Ch~"'^(Chow^*). Note that since 
Ch~^(Chow^*) is open in Hilb^, we can assume that F is a generic connected curve of 
arithmetic genus one, and in particular that it is a smooth elliptic curve. 

Let := degL^p. Since L (and hence L^p) is very ample by construction, we must 
have > 3. On the other hand, by applying the basic inequality (13. ip to the subcurve 
F C X we get 



d 



1 

<2. 
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which together with our assumptions on d gives that i/ < 3. We conclude that = 3. 
Since F is an elliptic curve, we can write 

(6.1) L\p = Opi2p + q) 

for some (uniquely determined) q G F. By our generic assumption on F, we can assume 
that q ^ p. 

Consider now the linear spans Vp := (F) of F and Vy := (Y) of y on P** = P(l/). It 
follows from Riemann-Roch theorem, using that L (hence L|y and L^p) is non special, 
that Vp has dimension 2 and Vy has dimension d — 3 — {g — 1) = r — 2. Therefore, 
we can choose coordinates {xi, . . . , Xr+i} of V such that Vp = {x^ = . . . = x^+i = 0}, 
Vy = {xi = X2 = 0} and p is the point where all the Xj's vanish except X3. For 
1 < i < 3, we will confound Xi with the section of H^{F, L^p) it determines and we 
will denote by ordp{xi) the order of vanishing of Xi at p. By Riemann-Roch theorem 
applied to the line bundles L^p{—ip) for z = 0, . . . , 3 and using (j6.ip with q p, we 
may choose the first three coordinates {xi, . . . , X3} of V in such a way that 

(6.2) ordp(xj) = 3 — i for 1 < i < 3. 
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Consider the one parameter subg roup p I Gjrt — ^ GL(V) which, in the above coordi- 
nates, has the diagonal form p{t) ■ Xi = f^^Xi for i = l,...,r + l, with weights Wi such 
that 

' wi = Wp{xi) = 1, 

(6.3) I W2 = Wp{x2) = 2, 

Wj = Wp{xj) = 3 for j > 3. 

The total weight of p is equal to 

(6.4) w{p) = 1 + 2 + 3(r + 1 - 2) = 3r. 

We want now to compute the polynomial Wx,p{'m) defined in (|4.ip . To that aim, 
consider the filtration of H^{X,U^) (for m » 0): 

F° C C . . . C i?3'n-i ^ p3m ^ H^(^x, L™), 

where F"^ is the subspace of H^{X,L"^) generated by the image of the monomials B 
of weight Wp{B) < r via the surjection : k[xi, . . . , Xr+i]m = , Or [m')) ^ 

F0(X,L™). By the definition (gT]) of Wx,pim), it follows that 
(6.5) 

3m 3m— 1 

Wx,p{m) = [dim(F'') - dim{F'''^)] = 3m dim(i/0(X, L")) - ^ dim(F'^) = 

r=l r=0 

3m— 1 

= 3m{dm + 1 — g) — dim(F^). 

r=0 

We need to compute the dimension of for r < 3m. Note that if a monomial B of 
degree m in the above basis of V has total weight Wp{B) < 3m then it must contain at 
least one factor Xj with i < i < 2 by (|6.3p . Hence such a i? vanishes identically on Y by 
our choice of the coordinates on V. Moreover, if such B contains also one factor Xj with 
j > 4, then B vanishes identically also on F, hence on the entire curve X; or in other 
words p,m{B) = 0. This discussion shows that F"^ for r < mv is mapped isomorphically 
via the restriction map H^{X,L"') H^{F,L]^) onto the subspace W C H^{F,L'^p) 
generated by the image of the monomials in {xi, X2, X3} of degree m and weight at most 
r via the multiplication map Tm ■ A;[xi, X2, xa]™ = Sym"^ (F, L^p) -» H^{F, L^). In 
particular 

(6.6) dimi*"" = dimW^ for r < 3m. 

Similarly to (j4.ip . define now the following function 



(6.7) 
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{3m ^ 
Y.Wp{B,)\ 



where the minimum runs over all the collections of 3m monomials {^i, . . . , i?3m} £ 
k[xi,X2,X3\m which restrict to a basis of H^{F, L^). As in ()6.5p above, we have that 
(6.8) 

3m, 3m— 1 

W/(m) = [dim(Ty'^) - dimiW'-^)] = 3m dim(F°(F, L[^)) - ^ dim{W) = 

r=l r=0 

3m— 1 

= - J2 dimiW). 

r=0 

Combining ([SS]), dSS]), dSSD, we get that 

(6.9) Wx,pim) = W^{m) + 3{d - 3)m'^ + 3(1 - g)m. 

In particular, the normalized leading coefficient Cp of Wp{m) is given by 

(6.10) ex,p = e^ + 6{d-3), 

where is the normalized leading coefficient of the degree 2 polynomial Wp (m). 

In order to compute the polynomial (m) , and in particular its normalized leading 
coefficient e^, consider the embedding of as a cubic curve in = F[H^{F, L^p)"^) 
given by the complete linear system \L^p\ . Let / G k[xi,X2,X3]3 be a homogenous 
polynomial of degree 3 defining F. The conditions (|6.2p on the order at p of the 
coordinates {xi,X2,X3} translate directly into conditions on the polynomial /. More 
specifically, the point p has coordinates (0, 0, 1) and p G F if and only if the coefficient 
of in / is equal to zero. The condition that ordpXi > 2 says that the tangent space of 
F at p must have equation {xi = 0} which translates into the fact that the coefficient 
of x|x2 in / is zero while the coefficient of x'^xi is not zero. Finally we have that 
ordp(xi) = 2 (i.e. p is not a flex point of F) if and only if the coefficient of X2X3 in 
/ is not zero. Summing up, every polynomial / such that the coordinates {xi, X2, xs} 
satisfy (|6.2p is of the form 
(6.11) 

/ = a3ooxl + a2ioxjx2+a2oixlx3+ai2oXixl+aio2Xixl + auiXiX2X3+ao3oxl+ao2ixlx3, 

where aio2 / and ao2i / 0. 

Because of the choice ()6.3p of the one parameter subgroup /?, it is easy to see that 
the monomial a;2a;3 has the maximal p-weight among all the monomials appearing in 
the above equation ()6.1ip of /. Moreover, the same monomial appears with non-zero 
coefficient in /. Therefore a collection of 3m monomials that compute the polynomial 
Wp (m) , according to the formula ()6.7p , is represented by those monomials that are 
not divisible by X2X3, i.e. 

{{x7'-'=a:|}o<fc<m, {x2x'^'^'^X^}o<h<m-l, {xlxf~^~^ xi}o<j<m-2} ■ 

Applying formula ()6.7p . we get 

m m—1 m—2 

("^) = y^^[wi{m—k)+kw3]+y^^ [w2 + (m— 1— /i)wi+/i,W3] + y^ [(j+2)w2 + (m— 2— j)tDi] 

fc=0 h=0 j=0 
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from which it is easy to compute the normahzed leading coefficient 

(6.12) = 2w3 + W2 + 3wi = 11. 
Combining with (|6.10p . we get 

(6.13) ex,p = 11 + 6id - 3) = 6d- 7. 

Let us now look at the right hand side of the numerical criterion for Chow (semi) stability 

d T 

(see Fact 14. 3p . Using that v := < - by our assumptions on the degree d, we 

2g — 2 2 

get that 

d _ d _ 2v 7 
r + 1 ~ d-g + 1 ~ 2v-l ^ 6' 
From this and (|6.4p . we compute 

(6.14) 2d^ = 2d^ = 6d--^<6d-7. 

r+1 r+1 r+1 

From (|6.13p and (|6.14p . we deduce that the chosen Ips p satisfies 

ex,p > 2d — — . 

r + 1 

In other words, p violates the numerical criterion for Chow semistability of [X C P*"] 
(see Fact 14. 3p : hence [X C P*"] Ch~^(Chow^'') which is the desired contradiction. 

□ 

Combining the previous Theorem 16.11 with Corollarv l5.5l |I|) and Definition 12. Stflip . we 
get the following 

Corollary 6.2. // 2(2^ - 2) < d < |(2ff - 2) and [X C P''] G Ch-^(Chow^^) C Hilb^ 
with X connected, then X is a quasi- p- stable curve. 

7. Stabilizer subgroups 

Let [X C P^] be a Chow semistable point of Hilb^ with X connected and d > 
2{2g — 2). Note that X is a quasi-wp-stable curve by Corollary I5.5rti| l. L := Ox{l) is 
balanced and X is non-degenerate and linearly normal in P*" by the potential pseudo- 
stability Theorem 15.11 Moreover: 



• If 4(2(7 — 2) < d then X is quasi-stable by Corollary I5.5lm| l : 

• If 2(2^ - 2) < fi < l{2g - 2) then X is quasi-p-stable by Corollary 

The aim of this section is to describe the stabilizer subgroup of an element [X C P*"] G 
Hilbd as above. We denote by StabGLr+i([-'^ C P'"]) the stabihzer subgroup of [X C P*"] 
in GLr+i, i.e. the subgroup of GL^+i fixing [X C P^. Similarly, StabpGU+i([^ C P^) 
is the stabihzer subgroup of \X C P''] in PGLr+i. Clearly StabpGL,+i ([^ C P^) = 
StabcLr+i ([-'^ C P''])/Gm, where denotes the diagonal subgroup of GL^+i which 
clearly belongs to StabGL,+i([X C P*"])- 

It turns out that the stabilizer subgroup of [X C P^'] G Hilbf^ is related to the 
automorphism group of the pair (X, C'x(l))) which is defined as follows. 
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Given a variety X and a line bundle L on X, an automorphism of {X, L) is given by 
a pair (cr, V') such that a G Aut(X) and ip is an isomorphism between the line bundles 
L and a* (L) . The group of automorphisms of {X, L) is naturally an algebraic group 
denoted by Aut(X, L). We get a natural forgetful homomorphism 



whose kernel is the multiplicative group GfTi, acting as fiberwise multiplication on L, 
and whose image is the subgroup of Aut(X) consisting of automorphisms a such that 
a*{L) = L. The quotient Aut(X, L)/Gm is denoted by Aut(X, L) and is called the 
reduced automorphism group of (X, L) . 

The relation between the stabilizer subgroup of an embedded variety X (ZW and the 
automorphism group of the pair (X, Ox(l)) is provided by the following well-known 
result. 

Lemma 7.1. Given a projective embedded variety X C P'' which is non- degenerate 
and linearly normal, there are isomorphisms of algebraic groups 



Proof. This result is certainly well-known to the experts. However, since we could not 
find a suitable reference, we sketch a proof for the reader's convenience. 

Observe first that the natural restriction map i?°(P^, Opr-(l)) H^{X,Ox{l)) is 
an isomorphism because by assumption the embedding X C is non-degenerate and 
linearly normal. Therefore wc identify the above two vector spaces and we denote them 
by V . Note that P*^' = P(F^) and that the standard coordinates on P'' induce a basis 
of V , which we call the standard basis of V . 

Let us now define a homomorphism 



(7.2) r? : Aut(X, Ox{l)) ^ StabGL,+i([X C P^) C GL,+i = GL(V^). 

Given (c, V') € Aut(X, where a G Aut(Ar) and ijj is an isomorphism between 

Ox{'^) and a*Ox{'^), we define r/(((T, V')) G GL(V^) as the composition 



77((c7,V')) : = H\X,Ox{l)Y ^ H\X,a*Ox{l)y ^ H\X,Ox{l)y = V\ 



where V'"^ is the dual of the isomorphism induced by and a* is the dual of the 



of X in P'' given by the complete linear series |Ox(l)| (resp. by |(T*0x(1)|) with respect 
to the basis of H^{X,Ox{^)) (resp. H^{X,u*Ox{^))) induced by the standard basis 

34 



(7.1) 



F : Aut{X, L) Aut(X) 
(o-,V') H- cr 




isomorphism induced by a*. Let us denote by 4'\Ox{i)\ (resp. 4'\rj*Ox{i-)\) embedding 



of V via the above isomorphisms. By construction, the fohowing diagram commutes: 



(7.3) 




F{H^{X,a*Ox{l)y] 



<^|Ox(l)l 



F{H'^{X,Ox{l)y 



Thus we get that r]{{a,7p)) belongs to StabGL,.+i([^ C P""]) C GL(V'^) and r] is well- 
defined. 

Conversely, we define a homomorphism 



(7.4) 



T : StabGL,+i([X C PH) ^ Aut(X,L) 



as follows. An element g G StabGL,+i([^ C P^) C GL^+i = GL(VV) will send X 
isomorphically onto itself, and thus induces an automorphism a E Aut(X). Consider 
now the isomorphism 

i^:V = H\X,Ox{l)) = H\X,Ox{l)) ^ H^{X,a*Ox{l)), 

where is the dual of g^^ and a* is the isomorphism induced by a. The isomor- 
phism ip induces an isomorphism ip between Ox{^) and a*Oxi^) making the following 
diagram commutative 



H%X,Ox{l))®Ox 



Ox{l) 



H°{X,a*Ox{l)) ^Ox '^*Ox{l). 

We define T{g) := (a,V) e Aut(X, Ox(l))- 

We leave to the reader the task of checking that the homomorphisms t] and r are 
induced by morphisms of algebraic groups and that they are one the inverse of the 
other. 

The map rj sends the subgroup Gm Q Aut(X, Ox(l)) of scalar multiplications on 
Ox(l) into the diagonal subg roup Gyti CI GLj— fi cind. thereforG it inducGS ciii isoinor- 
phism Aut{X, Ox{l)) = StabpGL,+i([^ C P^). □ 

In Theorem 1 7 . 2 1 b elow . we describe the connected component Aut(X, L)^ of Aut(X, L) 
containing the identity for the pairs we will be interested in. Recall, from Definition 
12.81 that for a quasi-wp-stable curve X we denote by Xexc C X the subcurve of X con- 
sisting of the union of the exceptional components E X, i.e., the subcurves E C X 
such that E' = P^ and kE = 2. We denote by X := X^^^ the complementary subcurve 
of Xcxc and by 'y{X) the number of connected components of X . 
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Theorem 7.2. Let X be either a quasi-stable curve of genus g>2 or a quasi- p- stable 
curve of genus g > 3 and let L be a properly balanced line bundle on X. Then the 
connected component Aut(X, L)*^ o/Aut(X, L) containing the identity is isomorphic to 




Proof. Consider the wp-stable reduction X — > wps(X) of X (see Proposition [2]9]). Note 
that since wps(X) = Proj(©i>oH''(X, lj^)), an automorphism of X naturally induces 
an automorphism of wps(X), so by composing the homomorphism F (see (j7.ip l with 
the homomorphism Aut{X) — t- Aut(wps(X)) induced by the wp-stable reduction, we 
get a homomorphism 

(7.5) G : Aut{X, L) Aut(wps(X)). 

Note that if X is quasi-stable of genus g > 2 then wps(X) is stable of genus g > 2 
and that if X is quasi-p-stable of genus g > 3 then wps(X) is p-stable of genus g > 3. 
In any case, we get that Aut(wps(X)) is a finite group, which is well-known for stable 
curves and proved in [Sch9H Proof of Lemma 5.3] for p-stable curves. 

Therefore the result follows from the claim below. 

CLAIM : KeT{G) = G7^^\ 

Recall from Proposition 12.91 that the wp-stable reduction X — )• wps(X) is the con- 
traction of every exceptional component = of X to a node or a cusp according 
to whether E D E'^ consists of two nodes or one tacnode. We can factor the wp-stable 
reduction of X as 

X ^ wps(X), 

where c : X ^ Y is obtained by contracting all the exceptional components E oi X 
such that E D E'^ consists of two nodes and Y — > wps(X) is obtained by contracting 
all the exceptional components E of Y such that E D E'^ consists of a tacnode. Now, 
since an automorphism of X must send exceptional components of X meeting the rest 
of X in two distinct points to exceptional components of the same type, we can factor 
the map G of ()7.5p as 

G : Aut(X,L) ^ Aut(y) ^ Aut(wps(X)). 

This gives an exact sequence 

(7.6) ^ Ker(Gi) ^ Ker(G) ^^1^!^^ Ker(G2). 

The same proof of |BFV1H Lemma 2.13] applied to the contraction map X ^ Y gives 
that 

(7.7) Ker(Gi) = G;^W. 
Using (17.61) and (|7.7p , Claim 1 follows if we prove that 



(7.8) 



Im(Gi) nKer(G2) = {id}. 
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In order to prove (|7.8p . we need first to describe explicitly Ker(G2). Recall that, 
by construction, all the exceptional components E = of Y are such that E r\ 
consists of a tacnode of Y and all of them are contracted to a cusp of wps(X) by the 
map Y — >■ wps(X). Therefore Ker(G2) consists of all the automorphisms 7 G Aut(y) 
such that 7 restricts to the identity on y \ \JE where the union runs over all the 
exceptional subcurves E of Y . Consider one such exceptional component E C Y and 
let {p} = E n E^. Since p is a tacnode of Y, there is an isomorphism (see |HHl Sec. 
6.2]) 

i : TpE — y TpE^, 

where TpE is the tangent space of E at p and similarly for TpE^. Any 7 € Aut(y) 
preserves the isomorphism i. If moreover 7 G Ker(G2) ^ Aut(y) then 7 acts trivially 
on the irreducible component of E'^ containing p, hence it acts trivially also on TpE^. 
Therefore the restriction of 7 G Ker(G2) to E will be an element (p G Aut(£') that fixes 
p and induces the identity on TpE. If we fix an identification {E,p) = (P^,0), the set 
of all such elements forms a subgroup of Aut{E) which is isomorphic to the additive 
subg roup Gq of Aut(P^) — PGL2 given by all the transformations <f>x (for A G /c) of the 
form 

(7.9) M^) = 

Conversely, every such (j) extends to an automorphism of Aut(y) that is the identity 
on E'^ and therefore lies on Ker(G2). From this discussion, we deduce that 

(7.10) Ker(G2)=nGa, 

E 

where the product runs over all the exceptional components E of Y . 

We can now prove (j7.8p . Take an element (cr, ■0) G Aut(X, L) such that Gi{a,ip) G 
Ker(G2). Consider an exceptional component E of Y; let {p} = E D E^ and let C be 
the irreducible component of E^ containing p. By (|7.10p and the discussion preceding 
it, we get that Gi{a,ip)\E = 0A for some X £ k (as in (j7.9p ) and Gi{a,ip)\c = idc- 
By construction, the map c : X — )• y is an isomorphism in a neighborhood of E CY. 
Therefore, abusing notation, we identify E with its inverse image via c, similarly for 
p, and we call C the irreducible component of X such that {p} = E (1 C . From the 
above properties of Gi(c7, ■0), we deduce that a\E = 4>x ^'^^ (^\c = i^c- Consider now 
X = Ey[E'^ the partial normalization of X at p and let : X — )• X be the natural 
map. We have an exact sequence 

^ Ga ^ Pic(X) ^ Pic(X) = Pic(E) x Pic(E'=) ^ 0. 

By looking at the gluing data defining line bundles on X, it is easy to check that the 

above automorphism a G Aut(X) acts as the identity on Pic(X) and that it acts on 

Ga by sending p into ^ + A. Since there exists an isomorphism between cr*(L) and 

L by assumption, we must have that A = 0, or in other words that a^^ = = id^;. 
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Since this is true for all the exceptional components E of Y, from (jT.lOp we get that 
Gi {a, Tp) = id and ()7.8p is now proved. 

□ 



By combining Corollary [5211111) , Corollary 16.21 Lemma l7. II and Theorem 17.21 we get 
the following 

Corollary 7.3. Let [X C F'^] e Ch~-^(Chow^*) C Hilb^ with X connected and assume 
that either d > A{2g - 2) or 2{2g - 2) < d < \{2g - 2) and g >3. Then the connected 
component StabGLr+i([^ C F'^])^ o/ StabcLr+i ([^ C P'']) containing the identity is 
isomorphic to Gm'^^ ■ 



8. Behaviour at the extremes of the Basic Inequality 

Recall from Corollary IS.St p]) that if [X C F^'] € Hilb^ is Chow semistable with X 
connected and d > 2{2g—2), then X is quasi-wp-stable and C'x(l) is properly balanced. 

The aim of this section is to investigate the properties of the Chow semistable points 
[X C P*"] G Hilbc; such that Ox{^) is stably balanced or strictly balanced (see Definition 

EZD. 

Our fist result is the following 

Theorem 8.1. If d > 2{2g - 2) and [X C P""] G Hilb^ C Hilb^ with X connected, then 
Ox{^) is stably balanced. 

Proof. The proof uses some ideas from |Gie82l Prop. 1.0.7] and |Cap94[ Lemma 3.1]. 

Let [X C P''] G Hilb^ C Hilb^ with X connected and assume that d > 2{2g - 2). 
By the potential pseudo-stability Theorem 15.11 and Corollary I5.5ll il). we get that X is 
a quasi-wp-stable curve and L := Ox(l) is properly balanced and non-special. 

By contradiction, suppose that C'x(l) is not stably balanced. Then, by Definition l3.6l 
and Remark 13.81 we can find a connected subcurve Y with connected complementary 
subcurve Y*^ such that 

' ^ ^oxc or equivalently g'yc = =^ fcyc = fcy > 3, 

degycL = My = -degycWx + — = ^(25y<= - 2 + ky^) + — , 

2g — 2 2 2g — 2 2 

d ky d , \ ky 

degyL = my = ^— ^degyWx - — = 2g-2 " ^ + fcy) - — . 

In order to produce the desired contradiction, we will use the numerical criterion 
for Hilbert stability (see Fact EM- Let V := H° {F"- , O^r {!)) = H^{X,Ox{l)) and 
consider the vector subspace 

U := Ker{i/°(P^C'pr(l)) ^ H'^{Y,L^y)} C V. 
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Set + 1 := dim U. Choose a basis {xq, . . . ,xn, ■ ■ ■ , Xr} of V relative to the filtration 
U (^V, i.e., Xj G [/ if and only if < i < A^. Define a Ips p of GLr+i by 



p{t) ■ Xi 



if < i < iV, 
if + 1 < i < r. 



We will estimate the two polynomials appearing in Fact 14.21 for the Ips p. 

First of all, the total weight w{p) of p satisfies w{p) = r — N = dimV — dimU < 
L|y). Since L is non special and H^{X,L) -» H^(Y,L^y) because X is a curve, 
we get that h^(Y,L\Y) = degyL + 1 — gy- Therefore we conclude that 

^(-"^ P( N ^ ^1 X degyL + 1 - 2^/. x i 

(8.2 mF(m) < ' — m(am + l — q) = ; \dm + 1 — q)m\ . 

+ 1 r + 1 ^ ' d + l-g ^ ^ ' ^ 

In order to compute the polynomial Wp{m) for m ^ 0, consider the filtration of 
F0(P^Opr(m)): 

C [7™ C [/™-1t/ C . . . C U'^-'V' C...CV"' = /7°(r,Opr(m)), 

where is the subspace of H^{F^, Opr[m)) generated by the monomials contain- 

ing at least (m — i)-terms among the variables {xq, . . . ,xj\[}. Note that for a monomial 
B of degree m, it holds that 

(8.3) B e W^-'V' \ u'^-'+^V'-^ ^ Wp{B) = i. 

Via the surjective restriction map '■ (^''' , Of>r [m)) H^{X,L'^), the above 
filtration on //''(P'', Opr(m)) induces a filtration 

C F° C C . . . C C . . . C = H^{X, L™), 

where := prniW^'^V')- Using we get that 

m m—l 

(8.4) Wp{m) = [dim(F*) - dim(F*-^)] = mdim(F™) - ^ dim(F^) = 

1=1 i=l 

m—l 

m[dm + 1 — g) — 

i=0 

It remains to estimate dimF* for < i < m — 1. To that aim, consider the partial 
normalization r : X ^ X of X at the nodes laying on Y riV^. Observe that X is 
the disjoint union of Y and Y'^. We denote by D the inverse image of Y OY'^ via r. 
Since Y OY^ consists of ky nodes of X, D is the disjoint union of Dy and Dye, where 
Dy consists of ky smooth points on Y and Dye consists of ky smooth points on Y^. 
Consider now the injective pull-back morphism 

which clearly coincides with the restriction maps to Y and Y"^. 

Note that if is a monomial belonging to f/™'"*!/* C , O^r {m)) for some 

i < m — l, then B contains at least m — i > 1 variables among the Xj's such that 
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i{dm +1- g)-^ dim(F*). 



Xj E U; hence the order of vanishing of B along the subcurve Y is at least equal to 
m — i. This implies that any s ^ CI H^[X, L™) with i < m — 1 vanishes identically 
on Y and vanishes on the points of -Dye with order at least (m — i). We deduce that 

(8.5) r*(F*) C i/0(y'=,L[^,((i-m)Dyc)) for < i < m - 1. 

CLAIM: H^Y'',L]^,{{i - m)L»yc)) = for < i < m - 1 and m » 0. 

Let us prove the claim. Clearly if the claim is true for i = then it is true for every 
i > 0; so we can assume that i = 0. According to Fact I13.4|| I|) of the Appendix, it is 
enough to prove that for any connected subcurve Z C Y'^, we have that 

(8.6) deg2(L[|(-mZ)z)) >2gz-2 for m » 0, 
where Dz ■= Dy^ H Z. Indeed (j8.6p is equivalent to 

(8.7) deg^L > \Dz\ with strict inequality ii gz > 1- 



Observe that, since each point of Dz is the intersection of Z with Y = X \Y'^ and 
Z nY'^ \ Z ^ ^ unless Z = Y^ because Y^ is connected, it holds: 

(8.8) \Dz\ < kz with equality if and only if Z = 

where kz is, as usual, the length of the schematic intersection of Z with the comple- 
mentary subcurve X \ Z in X. In order to prove ()8.7p . we consider different cases. 

gz ^ ^ then using the basic inequality (|3.ip for L relative to the subcurve Z and 
the assumption d > 2{2g — 2), we compute 

2^^ ^^^^^ ~ T ~^^^~T ~ ' 



which shows that (j8.7p holds in this case. 

li gz = and Z = Y'^ then, using that degycL = Myc and ky^ > 3 by (jS.ip . we get 

degycL = Myc = ^ ^ (2gyc - 2 + /cyc) + %^ > 2(A;yc - 2) + %^ > feyc = |i:)yc|, 
2g — 2 2 2 



which shows that (j8.7p holds also in this case. 

It remains to consider the case gz = and Z C y^. If A;^ < 2 then, since X is 
quasi-wp-stable and Z is connected, we must have that Z is an exceptional subcurve 
of X, i.e., Z = F^ and fc^ = 2. By Proposition [53] it follows that deg^L = 1. Since 
\Dz\ < 1 by (18. Sp . we deduce that (|8.7p is satisfied also in this case. Finally, assume 
that kz > 3. Consider the subcurve W := Z'^ OY^ C Y'^. It is easy to check that 

(8.9) kyc -kw = \ZnY\ -\WnZ\ = \Dz\ - (kz - \Dz\) = 2\Dz\-kz. 

Using the basic inequality of L with respect to W together with (j8.ip . (|8.9p and kz > 3, 

we get 

deg^L = degycL - deg^yL > ^-^degycWx + ^ - -^^^ZT^^^^w^x " -|- = 
degzujx + \Dz\ " ^ > 2{kz - 2) + \Dz\ - % > \Dz\. 



2g-2 ' ' ^' 2 ' / ' 1 -I 2 
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The claim is now proved. 

Using the claim above, we get from ()8.5p that 
(8.10) 

dim = dimT*(F*) < mdegycL — m)kY + 1 — gy for < i < m — 1 and m ^ 0. 
Combining (jS.lOp and ()8.4p . we get that 

m—l 

Wp{m) > m{dm + 1 — g) — [mdegycL + (i — m)A;y + 1 — gY'=] = 

m[m — 1) 



1=0 



m{dm + 1 — g) — m [mdegycL — mky + 1 — gy] — ky- 



.11) 



m 



degyL + — 



+ m 



ky 

i-gy-^ 



where in the last equality we have used d = degL = degyL + degycL and g = gy + 
gyc + ky — 1. 

Using that degyL = my by ()8.ip . we easily check that 



(8.12) 

and 
(8.13) 



ky degyL + 1- gy 

degyL + — = d — — 

2 d+1 — g 



ky ,^ . degyL + 1- gy 
2 d+1 — g 



By combining (IHTTD . <Km . (fHl^ . we get for m > 0: 



^.14) 



Wp{m) > m 



degyL + ^ 



+ m 



ky 



degyL + 1 - gy r , 2 , n n l ^ '^(P) r,/ A 

= ; \dm + ( 1 — g)m\ > mF(m), 

d+ 1 — g r + 1 

which contradicts the numerical criterion for Hilbert stability (see Fact 14. 2p . q.e.d. 



□ 



8.1. Closure of orbits. Given a point [X C G Hilb^, denote by OrbG([X C P*^]) 
the orbit of [X C P^ under the action of G = SL(V) = SL^+i. Clearly OrbG([X C P^) 
depends only on X and on the line bundle L := Ox (1) and not on the chosen embedding 
X C P^ 

The aim of this subsection is to investigate the following 

Question 8.2. Given two points [X C P^, [X' C P^ G Ch"^(Chow^'') with X and X' 
connected, when does it hold that 



[X' C PH G OrbG([X C PD? 

We start by introducing an order relation on the set of pairs {X, L) where X is a 
quasi-wp-stable curve and L is a properly balanced line bundle on X of degree d. 
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Definition 8.3. Let {X',L') and {X,L) be two pairs consisting of a quasi-wp-stable 
curve togetlier witli a properly balanced line bundle of degree d on it. 

(i) We say tiiat {X',L') is an elementary isotrivial specialization of (X, L), and we 
write {X, L) ^ {X' , L'), if there exists a proper connected subcurve Z C X' with 
deg^L' = mz, connected and ZnZ'^ C Xg-^^ such that {X,L) is obtained from 
{X' , L') by smoothing some nodes of Z n Z^, i.e., there exists a smooth pointed 
curve {B, 60) and a flat projective morphism X ^ B together with a line bundle 
ConX such that {X, C\, ^ (X', V) and {X, C)b = (X, L) for every bo^beB. 

(ii) We say that {X' , L') is an isotrivial specialization of (X, L), and we write (X, L) 
(X', L') if (X', L') is obtained from (X, L) via a sequence of elementary isotrivial 
specializations. 

There is a close relationship between the existence of isotrivial specializations and 
strictly balanced line bundles, as explained in the following 

Lemma 8.4. Notations as in Definition \8.3[ 

(i) If (X, L) ~^ {X',L') then L is not strictly balanced. 

(ii) If L is not strictly balanced then there exists an isotrivial specialization (X, L) 
(X',L') such that L' is strictly balanced. 

Proof. Part ^ . Clearly, it is enough to consider the case where (X,L) ^ (X',L') IS an 
elementary isotrivial specialization as in Definition 18. 3l |i|). For Z C X' as in Definition 
I8.3l |i|). decompose Z'^ as the union of all the exceptional components {Ei}i=i,--- ,kz 
of X' that meet Z and a subcurve W. By applying Remark IS.Sf i) to the subcurve 
EiU- ■ -UEk^, where the basic inequality achieves its maximal value, it is easy to see that 
deg(4/L' = niw. Let now W be the subcurve of X given by the union of the irreducible 
components of X that specialize to an irreducible component oiWc X'. Since (X, L) 
is obtained from (X',L') by smoothing some nodes which belong to Z Uj-Ej and 
therefore are not in W, we clearly have that W = W, = kyy and = L'^r. Hence 
deg^L' = and, since WnW^ <f. Xexc, we conclude that L is not strictly balanced. 

Part (jn]). If L is not strictly balanced, we can find a subcurve Y <Z X such that 
degyL = My and y PI 1"^ C Xexc- Using that degyL = My, or equivalently that 
degycL = myc, it is easy to check that if n € 1^ n n Xexc then there exists a unique 
exceptional component E oi X such that n E C Y . 

Let us denote by {ni, . . . ,nr} the points belonging to y n \ Xexc- Let X' be 
the blow-up of X at {ni, . . . ,nr} and let Ey := Ei L) ■ ■ ■ L) Er he the new exceptional 
components of X'. Given a subcurve Z C X denote by Z' the strict transform of Z 
via the blow-up morphism and define ky^, := \Z' n Ey nY\. 
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Define a multidegree d on X' such that d^. = 1, for i 
irreducible component C of X, 



1, . . . , r and, given an 



degc-L 

From |Cap94 Important Remark 5.1.1] we know that there is a flat and proper iam.- 
i\y X ^ B over a pointed curve {B, bo) and a line bundle C over X such that 
iXh,C\xJ - i^^L) for h ^ bo and {Xi,^^, C\Xt^) = {X',L') where X' is the blow-up 
of X at {ni, . . . , n^} and degL' = d. 

Let us check that V is properly balanced. It is clear that the degree of V on all the 
exceptional components of X' is equal to one. Let W ^ X' and let us check that L' 
satisfies the basic inequality ()3.ip . Start by assuming that W = Z' for some Z CLY . 
Then we have that 
(8.15) 

degz'L' = degzL—k^, = degyL— degy^^L— A;^/ = MY—degy^L—k'^, > My—My^—k 



Mz -\znY\z\ 



Mz -kz + \Z' n Y^'\ =mz + \Z' n Y 



rCl\ 



Suppose now that W = Zy^ U Zy U Ey/ where Zyc C y^, Zy C Y and E-\^ C Ey . 
Then, deg^yL' = deg^^^L' + deg^/^L' + \E-\^\ and, by (|8.15p . it follows that 

deg^^L' = deg^^.L + + \Z'y n Y^'\ ^\Ew\> 

_h^_h^^\z'yr^ y^'l + \Ew\ = mw + \Ew\- \Ew r^z'yr^z'y.\> mw 

2g — 2 2 2 

Analogously we can show that deg-^^L' < M\y, so we conclude that L' is properly 
balanced. 

Now, if L' is strictly balanced we are done. If not, we repeat the same procedure 
and after a finite number of steps we will find the desired pair {X" , L") with L" strictly 
balanced. 

□ 



We can now give a partial answer to Question 18.21 

Theorem 8.5. Let [X C P'], [X' C P^'] G Hilbf^ and assume that X and X' are quasi- 
wp-stable curves and Ox(l) ctnd Ox'{^) are properly balanced and non-special. Suppose 
that {X,Ox{l)) {X',Ox'{l))- Then 

(i) [X' C PT G OrbG([X CP'-]). 

(ii) [X C P'] G Ch-i(Chow^") (resp. Hilbf j if and only if[X' C P^ G Ch-^(Chow^") 
(resp. Hilb^'^J. 
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Proof. It is enough, in view of Fact 14.61 to find a Ips p : Gm — ^ GLr+i tliat stabilizes 
[X' C P^] and such that fi{[X' C P^,n, p) < for m > and [X C G Ap{[X' C P^). 

We can clearly assume that (X, (X',Ox'(l))- Using the notations of 

Definition I8.3l |i|). this means that there exists a connected subcurve Z (Z X' with Z'^ 
connected and ZnZ'^ C X'^^^ and deg^L' = mz such that (X, is obtained from 

{X' , Ox'(l)) by smoothing some of the nodes of Z n Z'^. Moreover, we can decompose 
the connected complementary subcurve Z^ as 

Z'== IJ EiUW, 

l<i<kz 

where the E'j's are the exceptional subcurves of X' that meet the subcurve Z and 
W := Z'^\ DiEi is clearly connected as well. Since deg^.L' = 1, it follows from Remark 
13.81 applied to the subcurve EiU ■ ■ ■ U E^^ that deg^^/L' = niw- 

The Ips p of GLr+i we are looking for is similar to the Ips considered in the proof 
of Theorem 18. 1[ More precisely, consider the restriction map 

res : H\X',Ox'{1)) H^iZ,Ozil)) ® H\W,Ow{1)). 

The map res is injective since the complementary subcurve of Z U is made of the 
exceptional components Ei = P^, each of which meets both Z and W in one point. 
Moreover, since Ox'i^) is non-special by assumption, which implies that also Oz{^) 
and Oiy(l) are non-special, we have that 

dimH''{Z,Oz{l))+dimH\W,Ow{l)) = degzOx'{l)-9z + l+degyyOx'{l)-9w + l = 
= mz-gz + l + mw-gw + l = d-g + l = dimH^{X', Ox'{l)), 

where we have used that mz + mw = d — kz and g = gw + gz + kz — I- This implies 
that res is an isomorphism. Define now the Ips p : Gm GLr+i in such a way that 

J P{t)\H0{W,OwW) = * • M, 

i Pit)\H0{z,Oz{i)) = Id- 
Let us check that the above Ips p satisfies all the desired properties. 
CLAIM 1 : p{[X' C r]m,p) < for m > 0. 

This is proved exactly as in Theorem 18.11 see (j8.14p and the equation for p{[X C 
F'']m,p) given in Fact 

CLAIM 2 : p stabihzes [X' C P''] G Hilbd. 
Using Lemma EH it is enough to check that 

Imp C Aut(X', Ox'(l)) = StabGL,+i([^' C P^) C GL,+i. 

Since the non exceptional subcurve X' C X' is contained in ZY[W, it follows from the 
proof of Theorem 17.21 that Aut(X', Ox'(l)) contains a subgroup H isomorphic to 
and such that (A, p) £ H = acts via multiplication by A on H^{W, Ow{^)) and by 
p on H^{Z, Oz{^))- By construction, it follows that Imp C H and we are done. 
CLAIM 3 : [X C P^ G Ap{[X' C P^). 
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Recall that, by assumption, {X, Ox{^)) is obtained from {X' , Ox'{^)) by smoothing 
some of the nodes oi Z f] = L)i{Z f] Ei). Denote by rij the node given by the 
intersection of Z with Ei and by Def (x',ni) functor of infinitesimal deformations of 
the complete local ring Ox',ni (see |Ser061 Sec. 2.4]). According to |Ser06|. Cor. 3.1.2, 
Exa. 3.1.4(a)], if we write Ox',ni = k[[ui,Vi]]/{uiVi), tlienT)ef(^x' ,n^) has a semiuniversal 
ring equal to A;[[ai]] with universal family given by k[[ui,Vi,ai]]/{uiVi — a^). 

Consider now the local Hilbert functor H^, parametrizing infinitesimal deformations 
of X' in (see |Ser061 Sec. 3.2.1]). Clearly, HJ^, is pro-represented by the complete 
local ring of Hilb^ at [X C P*"]. Since X' is a curve with locally complete intersection 
singularities and Ox'(l) is non-special, from |Kol961 1.6.10] we get that the natural 
morphism of functors 

(8.16) H^', Defx' 

is formally smooth, where Def x' is the functor of infinitesimal deformations of X' . It 
follows easily from |Ser061 Thm. 2.4.1], that also the natural morphism of functors 

(8.17) Befx' ^llBef^x'^n,) 

i 

is formally smooth. Moreover, since p stabilizes [X' C by Claim 2, the above 
morphisms (|8.16p and (j8.17p are equivariant under the natural action of p on each 
functor. Therefore, in order to prove that [X C P^] G Ap([X' C P*"]), it is enough to 
prove that p acts on each A;[[aj]] with positive weight (compare also with the proof of 
[HMlOl Lemma 4] and of [HH, Cor. 7.9]). 

Fix a node rii = Ei D Z for some 1 < i < kz- We can choose coordinates 
{xi,...,Xr+i} of y = i^O(P^C'p^(l)) = H^{X',Ox'il)) in such a way that Xi is the 
unique coordinate which does not vanish at rii, the exceptional component Ei is given 
by the linear span (xj, Xj+i) and the tangent 7z,n, of Z at is given by the linear span 
Then the completion of the local ring Ox',ni is equal to k[[ui,Vi]]/{uiVi) 
where Ui = Xi-i/xi and Vi = Xj+i/x,. Since Tz^m is contained in the linear span 
(Z) of Z and pit)\H0{w,OwCi-)) ~ construction, we have that p{t) ■ Xi = Xi and 

p{t) ■ Xi-i = hence p{t) ■ Ui = Ui. On the other hand, the point Qi defined by 

Xfc = for every A; 7^ i + 1 is clearly the node given by the intersection of Ei with 
W. Since pit)\H0[w,OwW) = * ■ Id by construction, we have that p{t) ■ Xj+i = txj+i; 
hence p{t) ■ Vi = tvi. Since the equation of the universal family over A;[[ai]] is given by 
UiVi — ai = and p acts on this universal family, we deduce that p{t) • Ui = tai, which 
concludes our proof. 

□ 

From the above theorem, we deduce now the following 

Corollary 8.6. Let [X C P*"] S Hilb^ with X connected and d > 2{2g-2). If [X C P''] 
is Chow polystable or Hilbert polystable then Ox(l) is strictly balanced. 
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Proof. Let us prove the statement for the Chow polystabihty; the Hilbert polystabihty 
being analogous. 

Let [X C P*"] G Hilbrf for d > 2{2g - 2) with X connected and assume that [X C 
is Chow-polystable. Recall that X is quasi-wp-stable by Corollary IS-Stj lj) and C'x(l) 
is properly balanced by Theorem 15.11 and Proposition 15.41 By Lemma 18.41 we can 
find a pair {X',L') consisting of a quasi-wp-stable curve X' and a strictly balanced 
line bundle L' on X' such that {X,Oxil)) {X',L'). Note that L' is ample by 
Remark I5.6| moreover X' does not have elliptic tails if d < f>/2{2g — 2) because X 
satisfies the same property by Theorem 16.11 and in an isotrivial specialization no new 
elliptic tails can be created (see Definition 18. 3p . Therefore, we can apply Theorem 
113.51 which allows to conclude that L' is non-special and very ample; we get a point 



[X' ^ G Hilbd. The above Theorem [83] gives that [X' C P^ G OihcHX C P*^]) 
and [X' C P^ G Ch~^(Chow^'). Since [X C P''] is Chow polystable, we must have 
that [X' C P^ G OrhcilX C P^); hence X' = X and Ox{l) = Ox>{l) = L' \s strictly 
balanced. 

□ 

9. The map towards the moduli space of p-stable curves 
Consider the subscheme of Ch~^(Chow^'') C Hilb^ defined by 

(9.1) Hd := {X G Ch"^(Chow^") C Hilbd : X is connected}. 

Note that if c? > 2{2g — 2) then the condition of being connected is both closed 
and open in Ch~^(Chow^*) C Hilb^: it is closed because of its natural interpreta- 
tion as a topological condition; it is open because the connected curves belonging to 
Ch^^(Chow^*) C Hilbrf are reduced curves by the potential pseudo-stability Theorem 
15.11 and therefore X G Ch~^(Chow^'*) is connected if and only if h^{X., Ox) = 1, which 
is an open condition by upper-semicontinuity. Therefore, is both open and closed 
in Ch~^(Chow^'*); or, in other words, it is a disjoint union of connected components of 
Ch-i(Chow^"). Indeed, we will prove later (see Proposition 1 1 . 9 p that Hd is irreducible 
\id> 2{2g-2). 

Since Hd C Ch^^(Chow^*) is clearly an SL(V)-invariant subscheme, GIT tells us 
that there exists a projective scheme 

(9.2) Qd^g := Hd/SUY) 

which is a good categorical quotient of Hd by SL(V) (see e.g. |Dol03[ Sec. 6.1]). 

Theorem 9.1. Assume that d > 2{2g — 2) and g >3. Then: 

(i) There exists a surjective natural map ^>P^ : Qd.g -^g*^- 
(ii) If d > 4:{2g — 2) then the above map factors as 



where T is the map of Fact l^.^tjiil) . 
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(in) We have that 

{<^>n-HM'g) = Jig, 

where Mg is the open subset of Mg parametrizing curves without non-trivial au- 
tomorphisms and J^g is the degree d universal Jacobian over Mg. In particular, 
($ps)-i(C7) ^ Pic'^(C) for every geometric point C G M° C . 
If d > 4:{2g — 2) then the same conclusions hold for the morphism 

(iv) Hd is non-singular of pure dimension r{r + 2) + 4^^ — 3. 

(v) Qd,g reduced and normal of dimension Ag — 3. Moreover, z/ char (A;) = 0, then 
Qd,g ho-s rational singularities, hence it is Cohen- Macauly. 

Indeed, the proof below will show that the morphism <I>* exists also for g = 2 (and 
d>A{2g-2)). 

Proof. The proof is an adaptation of the ideas from |Cap94[ Sec. 2]. 

Part ^ : consider the restriction to Hd of the universal family over Hilb^ and denote 
it by 

Cd^ Hd X 

The morphism Ud is flat, proper and its geometric fibers are quasi-wp-stable curves by 
Corollary [G^mil) • Consider the p-stable reduction of Ud (see Definition 12. 12p : 

Cd ^ ps(Cd) 

Hd 

The morphism ps(ud) is flat, proper and its geometric fibers are p-stable curves of genus 
g. Therefore, by the modular properties of M^^, the family ps(ud) induces a modular 
map (pP^ : Hd — > M'^'^ . Since the group SL(V) = SL^+i acts on the family Cd by only 
changing the embedding of the fibers of Ud into P^', the map is SLj-^i-invariant and 
therefore it factors via a map : Qd,g ~^ ■ 

Let us show that ^p*^ is surjective. Let C be any connected smooth curve over k 
of genus g > 2 and L be any line bundle on C of degree d > 2{2g — 2). Note that 
d = degL >2g + l since g > 2. Hence L is very ample and non-special and therefore 

it embeds C in P*" = P''-^. By Fact [131 the corresponding point [C ^ P""] e Hilbd 
belongs to Hd and clearly it is mapped to C G Mg C M^*^ by ^p*^. We conclude 
that the image of contains the open dense subset Mg C M"^^ . Moreover, $p*^ is 
projective since Qd,g is projective. Therefore, being projective and dominant, ^p*^ has 
to be surjective. This finishes the proof of part (ji|). 

Consider now Part If d > 4(2(7 ~ 2), then the potential stability Theorem (see 
Fact 14. 8p says that the geometric fibers of the morphism Ud are quasi-stable curves. 
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From Definition 12.121 and Proposition 12. 9| it follows that the p-stable reduction ps(ud) 
of factors through the wp-stable reduction wps(ud) of Ud and that the latter one is 
a family of stable curves. This implies that the map ^p*^ : Q^ g — > M^^ factors via a 
map : Qd„ ^ M„ followed by the contraction map T : M„ — )• M^^ 



Part the proof of |Cap94 Thm. 2.1(2)] extends verbatim to our case. 



Part (|iv|) : the fact that Hg is non-singular of pure dimension r(r + 2) + % — 3 is 
proved exactly as in |Cap94[ Lemma 2.2] , whose proof uses only the fact that if X G Hd 
then X is reduced, a local complete intersection and embedded by a non-special linear 
system; these conditions are satisfied by the potential pseudo-stability Theorem 15. 1[ 
See also |HH1 Cor. 6.3] for another proof. 

Part (jvj): Q^^g is reduced and normal since Hd is (see e.g. jDol03[ Prop. 3.1]). 
The dimension of Qdg is 4g — 3 since Hd has dimension r(r + 2) + 4^ — 3, SL^+i 
has dimension r(r + 2) and the action of SL^+i has generically finite stabilizers. If 
char(/c) = then Qd,g has rational singularities by |Bou87| . using that Hd is smooth. 
This implies that Qd,g is Cohen-Macauly since, in characteristic zero, a variety having 
rational singularities is Cohen-Macauly (see |KoM981 Lemma 5.12]). Alternatively, the 
fact that Qd,g is Cohen-Macauly follows from |HR74] . using the fact that Hd is smooth. 

□ 

Further properties of Qd^g and of the morphisms and will be proved later on 
in Proposition 110.91 

10. A STRATIFICATION OF THE SEMISTABLE LOCUS 

Inspired by [Cap94, Sec. 5], we introduce in this section an SLr+i-invariant stratifi- 
cation of Hd (see (19. 1|) ) and we establish some properties of it. 

Recall that every X G Hd is quasi- wp-stable and that Ox{^) is properly balanced 
by Corollary I5.5l !p| . Recall also that Bj^ denotes the set of multidegrees of properly 
balanced line bundles on X of total degree d (see Definition 13. 5p . 

Following |Cap94[ Sec. 5.1], consider, for any quasi- wp-stable curve X of genus g 
and any d G i?^, the (locally closed) stratum 

(10.1) m| := {[X C r-] e Hd : deg Ox{l) = d} C Hd ^ Hilbd. 

Each stratum is SLr+i-invariant since SL^+i acts on Hd by changing the embedding 
of X inside and thus it preserves X and the multidegree d. Note that may be 
empty for certain pairs {X,d) as above. 

10.1. Specializations of strata. The aim of this subsection is to describe all pairs 
{X',d/) with X' quasi- wp-stable of genus g and d' G Bj^, such that m|, C M^. 

Generalizing the refinement relation of |Cap94 Sec. 5.2], we define an order relation 



on the sets of pairs {X, d) where X is a quasi- wp-stable curve of genus g and d G Bj^ . 



Definition 10.1. Let X' and X" be two quasi-wp-stable curves of genus g. 
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(i) We say that X" < X' if they have the same wp-stable reduction X = wps(X') = 
wps(X") and there exists a surjective morphism a : X" X' commuting with 
their wp-stable reduction morphisms 

X" X' 

wps(X") = X = wps(X') 

(ii) Assume moreover that d' G B\, and that d" G B\„. We say that < 
(X', d') if X" -< X' and there exists a surjective morphism a : X" — t- X' as before 
such that for every subcurve Y' C X' there exists a subcurve Y" C X" with 
Y' = a{Y") andd'y' =^r"- 

The order relation ^ can be described in terms of elementary operations as follows. 

Lemma 10.2. With the same notations as in the above Definition \10.1\ we have that 
{X",d") :< {X',df) if and only if X" is obtained from X' via a sequence of blow-ups 
of nodes and cusps of X' ' and the the multidegree d" is obtained from df at each step 
according to the rules depicted in Figures U\ and 




Figure 2. Blow-up of a cusp. 



Proof. Using the explicit description of the wp-stable reduction of Proposition 12. 9| it 
is easy to see that X" ^ X' if and only if X" is obtained from X' via a sequence of 
blow-ups of nodes and cusps. According to Definition I10.1l|ii|) . it is now clear that at 
each blow-up d" must be obtained from d! according to the rules depicted in Figures [1] 
andm 

□ 

From the above description it is easy to see that there is a relation between the 
isotrivial specialization introduced in Definition 18.31 and the order relation ^. More 
precisely, we have the following 
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Remark 10.3. Let {X',L') and {X",L") be two pairs consisting of a quasi-wp-stable 
curve of genus g and a properly balanced line bundle of degree d. If {X' , L') {X" , L") 
then {X",degL") ^ {X',degL'). 

The following elementary property of the order relation ^ will be used in what 
follows. 

Lemma 10.4. Notations as in DefinitionHOJi If X" < X' and d!' £ Bjr„ then there 
exists i G Bj^, such that {X",d!') ^ {X',d!). 

Proof. By Lemma llU.'il above it is enough to assume that X" is obtained from X' by 
blowing-up a node (which can be internal or external) or a cusp. Start by assuming 
that X" is obtained from X' by blowing up an external node A^, as in the picture on 
the left of Figure [TJ 

Denote by {C[, . . . , C'^} the irreducible components of X' , by {C{', . . . , C"} their 
proper transforms in X" and by E the exceptional component that is contracted to 
the node A'^ by the map a : X" — > X' . Assume that C[ and C2 are the two irreducible 
components of X' that contain the node A^. Define a multidegree d! on X' in the 
following way: 

( d!^„ for z 7^ 1, 



dl^ii +1 for z = 1. 



It is clear that = d, so we must check that d[ satisfies the basic inequality (|3.ip . 
Given a subcurve Z' of X\ we denote by Z" the subcurve of X" that is the proper 
transform of Z' under the blow-up map X" X'. Define Wz' to be the subcurve of 
X" such that Wz^ = Z" if C[ C Z' and Wz' = Z" U E if C{ C Z'. Then it is easy to 
see that 

^ kz' = kwz„ ■ 

Hence the basic inequality ()3.ip for df relative to the subcurve Z' is the same as the 



basic inequality for df' relative to the subcurve Wz"- We conclude that if d" G 



then d' G Bj^,. 

The cases where X" is obtained from X' by blowing up an internal node or a cusp 
are similar (and easier) and are therefore left to the reader. □ 

We will now prove that the above order relation ^ determines the inclusion relations 
among the closures of the strata C of (jlO.ip . The result that follows is a 
generalization of |Cap94 Prop. 5.1]. 

Proposition 10.5. Assume thatd > 2{2g—2) and moreover that g > 3 ifd < 4(2(7—2). 
Let X' and X" be two quasi-wp-stable curves of genus g and let df G Bj^, and df' G Bj^,,. 

d" 

Assume that M^„ ^ 0. Then 



m|,', c m|, ^ {x",i') < ix',df). 
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Proof. From Lemma 110.21 above, it is enough to assume that X" is obtained from 
X' by blowing up a node or a cusp. Assume that X" is obtained from X' by blowing 
up a node, say N. Let S be a smooth curve and consider the trivial family X' x B 
over B. By blowing up the surface X x B on the node N belonging to the fiber over a 
point bo € B, we get a family u : X ^ B whose geometric fiber Xb over a point b (z B 
is such that Xb = X' for all b ^ bo and Xb^ = X" as in the figure below (where we have 
depicted an external node, but the case of an internal node is completely similar). 

X 



B 




Consider the relative Picard scheme vr : Fic^/B ^ B of the family u : X B, which 
exists by a well-known result of Mumford (see |BLR90t Sec. 8.2, Thm. 2]). Since 
H^{Xb, Oxf,) = for any b € B because X}, is a curve, we get that vr : Pic^/b ^ B is 
smooth by jBLR90l Sec. 8.4, Prop. 2]. 

Let now [X" C P"' = F{V)] G m|,', and set L" = Ox"{l) G Pic^^"(X"). Note that 
the embedding X" C V defines an isomorphism cp : H^{X" , L") V. 

We can view L" as a geometric point of (Pic;t'/B)bo — Pic(X"). Since the morphism 
TT : Ficx/B — B is smooth, up to shrinking B (i.e., replacing it with an etale open 
neighborhood of 6o)) we can find a section u of vr such that cr(6o) = L" . Moreover, 
by definition of the order relation ^ (see Figure [1]) , it is clear that we can choose the 
section a in such a way that a(b) is a line bundle of multidegree df on Xb = X' for 
every b ^ b^. 

Up to shrinking B again, we can assume that the section a corresponds to a line 
bundle C over X such that — L" and C\Xt has multidegree df for b ^ b^. Since L" 
is very ample and non-special and these conditions are open, up to shrinking B once 
more, we can assume that £. is relatively very ample and we can fix an isomorphism 
$ : it*£ ^ Ob 0V of sheaves on B such that $1^^ = cp. Via the isomorphism the 
relatively very ample line bundle C defines an embedding 




¥{Ob 'S)V)=¥ 



B 



whose restriction over bo B is the embedding X" C P'' 
together with the embedding i defines a morphism / : B 

[X" C 



The family u : X ^ B 
Hd such that /(6o) = 



d d d 

G M%„ and f{b) G M|, for every b ^ b^, so we conclude that Mt 



C M- 



d' 



In the case when X" is obtained from X' by blowing up a cusp we proceed in the 
same way as in the previous case: we consider a family u : X ^ B such that Xb^ = X" 
and Xb = X' for 6 ^ 69 as in the figure below 
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bo 



X 



B 



and we apply the same argument as before. 
Consider the map (see Theorem 19. ip : 



Clearly m|, is contained in the fiber ((/>p'^)-1(X) where X := ps(X') G mJ". Therefore 

m|", C mI', nHd^ {^P^)~^X), which implies that ps(X") = X = ps(X'). 

By assumption, we can find a smooth curve B and a morphism f : B ^ such 

d" d' 

that f{ho) € Mj^,, for some bo € B and /(5) G M^^, for every bo b £ B. By pulling 
back the universal family above along the morphism / we get a family 

X^ ^ S X 



B 

such that Xhg = X" and = X' for every b ^ b^. The ps-stable reduction ps(u) of 
u is an isotrivial family of p-stable curves by what observed before. This implies that 
X is obtained from an isotrivial family X with fibers isomorphic to X' by blowing up 
some nodes and cusps of the central fiber Xi,^ = X' . We get a surjective morphism 
a : X" = Affeo — > X})^ = X' which clearly commutes with the p-stable reduction 
morphisms; in other words X" < X' . 

Consider now the line bundles := O x(X)\Xi G Pic^^"(X") wiA L^, := O x{^)\Xi, ^ 
Pic^^'(X') for any ho + b £ B. Let Y' C X' be a subcurve of X' . Consider the 
subcurve Y" C X" = Xi,^ given by the union of all the irreducible components Ci 
of X" for which there exists a section s of u : X ^ B such that s{bo) G Ci and 
s{b) £ Y' Q X' = Xy for every h ^ ho- By construction, we get that (t{Y") = Y' and 
dy/ = degy/Lfo = degy»-Lb(j = d^y,,. We have proved that {X",df') ^ {X',df). 

□ 

10.2. A completeness result. Each stratum of (jlO.ip admits a morphism 

Mi FicHx) 
(10.2) ^ 

[XcPl^(X,Ox(l)) 

whose fibers are exactly the SLr+i-orbits on M^. The aim of this subsection is to prove 
the following completeness result, which generalizes |Cap94 Prop. 5.2]. 



Proposition 10.6. Let X be a quasi- wp- stable curve and d € Bj^. Assume that 
d > 2{2g — 2) and that g > 3 if d < 4(2(7 ~ 2). Then either Mj^ = % or the natural map 
— > Pic-(X) is surjective. 
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Proof. We first make the following two reductions. 

Reduction 1: We can assume that if d < ^{2g — 2) then X does not contain elliptic 
tails; in this case every L S Pic-(X) is non-special and very ample. 

Indeed, according to Theorem I13.5lfi|) . L € Pic-(X) is non-special since X is quasi- 
wp-stable, hence G-semistable, and degL = d > 2{2g — 2) > 2g — 2 (recall that g >2). 
Now, if d < ^{2g — 2) and X contains some elliptic tail -F, then from the basic inequality 
it follows easily that dp = 2. But no line bundle of degree 2 on a curve of genus 1 is 
very ample, hence no line bundle of multidegree d on X can be very ample. Otherwise, 
since any L G Pic-(X) is ample by Remark 15.61 it follows from Theorem ll3.5lpIH) that 
L is very ample, q.e.d. 

Reduction 2: We can assume that d is strictly balanced. 

Indeed, suppose the proposition is true for all strictly balanced line bundles on quasi- 
wp-stable curves and let us show that it is true for our multidegree donX, assuming 
that d is not strictly balanced. Let L G Pic-(X). Since d is not strictly balanced, 
by Lemma [8311111) there exists an isotrivial specialization {X,L) {X',L') such that 
d! := degL' is a strictly balanced multidegree on X'. Moreover, from the proof of 
the cited Lemma, it follows easily that the curve X' and the multidegree d' depend 
only on X and d and not on L G Pic-(X). Note that, since X' is obtained from X 
by blowing up some nodes of X, then X has some elliptic tails if and only if X' has 
some elliptic tails. Therefore, according to Reduction 1, L and L' are non-special and 
very ample. Up to the choice of a basis of \L\ and of \L'\, we get two points of Hilb^, 

|L| , \L'\ 

namely [X ^ P^'] and [X' ^ P^']. These two points are indeed well-defined only up 
to the action of the group SL^+i. Note that L G Im(M^ A Pic-(X)) if and only if 

[X ^ PT G Ch"^(Chow^'), and similarly L' G Im(M|-', ^ Pic^^'(X')) if and only if 

\L'\ 

[X' P''] G Ch~^(Chow^''). Therefore, Theorem ESljiiD gives that L G Im(p) if and 
only if L' G Im(p'). In other words, we have defined a set-theoretic map 

T : Pic^i(X) ^Pic^i'(X') 
L' 

such that T^^(Im(p')) = lm{p). The proposition for df is equivalent to the fact that 
either lm{p') = or Im(p') = Pic- (X'). Using the above map T, it is easy to see that 
the above properties hold also for d, hence we can assume that d is strictly balanced, 
q.e.d. 

We now prove the proposition for a pair {X, d) satisfying the properties of Reduction 
1 and Reduction 2. Assume that ^ 0, for otherwise there is nothing to prove. Let 
us first prove the following 

CLAIM: The image of the morphism p : Pic-(X) is open and dense. 

Consider a Poincare line bundle V on X x Pic-(X), i.e., a line bundle V such that 
V\xx{L} = L for every L G Fic^{X) (see |Kle05l Ex. 4.3]). By Reduction 1, it follows 
that V is relatively very ample with respect to the projection tt2 '■ X x Pic-(X) — t- 
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Pic-(X) and that (vr2)*('P) is locally free of rank equal tor + l = d — g. We can 
therefore find a Zariski open cover {Ui}i^j of Pic-(X) such that {'^2)*{'P)\Ui — ^Ui^~^^^ 
and the line bundle V induces an embedding 

X X Ui^ ^ = IP?}^ 




The above embedding corresponds to a map fi-Ui^ Hilb^ and it is clear that 

Im(p:M|^Pic^(X)) = Ufri(Hd). 

i 

Since is open inside Chow~^(Chow^*) (by the discussion at the beginning of Section 
[9]) and Ch^^(Chow^*) is open in Hilb^ (because any GIT-semistability condition is 
open), it follows that f~^{Hd) is open inside Ui\ hence Im(p) C is open as well. 
Moreover, since Pic-(X) is irreducible and Mj^ ^ 0, we get that Im(p) is also dense, 
q.e.d. 

In order to finish the proof, it remains to show that lm.{p) C Pic-(X) is closed. 
Since Im(p) is open by the Claim, it is enough to prove that lm{p) is closed under 
specializations (see |Har771 Ex. 11.3.18(c)]), i.e., if 5 C Pic^i(X) is a smooth curve 
such that B \ {60} C Im(p) then 69 ^ Im(p). The same construction as in the proof 
of the Claim gives, up to shrinking B around 60 1 a map f ■ B ^ Hilb^ such that 
f{B \ {bo}) C i^d C Ch"^(Chow^^). We denote by C the relatively ample line bundle 
on X := X X B B which gives the embedding into P^. 

We can now apply a fundamental result in GIT, called semistable replacement prop- 
erty (see e.g. [HH[ Thm. 4.5]), which implies that, up to replacing B with a finite 
cover ramified over bo, we can find two maps g : B Hd and h : B\ {bo} — > SL^+i 
such that 

(10.3) f{b) = h{b) ■ g{b) for every bo^beB, 



(10.4) 9(^0) is Chow polystable. 

We denote hy y B the pull-back of the universal family over via the map g and 
by Ai the line bundle on y which is the pull-back of the universal line bundle via g. 
Property (jl0.3p implies that X = yi, and degA^ij;;^ = d for every bo b € B. Moreover, 
if we set Y := y^Q, M := M^Yo d! := degM, then Proposition 110.51 implies that 
{Y,df) :< {X,d). Therefore, there exists a map Ti : y X over B whose restriction 
over bo B is the contraction map a :Y X Definition I10.1| |H) . Observe also that 
p0.4p together with Corollary 18.61 imply that M is strictly balanced. 

Consider the line bundle C := S*(£) on y and set L := ^\y^^^ = (^*{L) and d = 

deg(L). Property (jl0.3p implies that, up to shrinking B around bo, C and A4 are 
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isomorphic away from the central fiber J^;,,, = Y; hence, by Lemma |10.7| we can find a 
Cartier divisor T on 3^ supported on the central fiber = Y such that 

(10.5) £ = M(g)Oy{T). 

This implies that the multidegrees d' and d on y are equivalent in the sense of Definition 
13.21 Since d is strictly balanced by Reduction 1, we can now apply Lemma 13.111 (with 
Z = Y and a' = id) in order to conclude that X = Y or, equivalently, X = y. Since 
we have already observed that (1", d') ^ {X,d), we must have that d = d'. Combining 
this with (|1U.5|) . we get that L := C^^^ = -Mxt^ = M. The line bundle L corresponds 
to the point bo under the embedding B C Pic-(X); we deduce that L G lm{p) since 
L = M and M is the image, via the map p, of the point g{bo) which belongs to in 
virtue of (HU^D- 

□ 



The following well-known Lemma (see e.g. the proof of [Ray 70 Prop. 6.1.3]) was 
used in the above proof of Proposition 110. 6[ 

Lemma 10.7. Let B be a smooth curve and let f : X B be a flat and proper 
morphism. Fix a point bo (z B and set B* = B \ {bo}. Let C and A4 be two line 
bundles on X such that C\f-if^B*) = -^l/^H^*)' ^^^'^ 

C = M®Ox{D), 
where D is a Cartier divisor on X supported on f~^{bo)- 

The following result is an immediate consequence of Proposition 110.61 

Corollary 10.8. Let [X A P'^], [X ^ W] G Hilbd with d > 2{2g - 2) and g > 3 if d < 
4(2(7 ~ 2). Assume that X is quasi- wp- stable and that deg z*C'pj (l) = deg (i')*C'pr(l). 

Then [X A P"^] belongs to Ch-i(Chow^'') (resp. Hilb^'; if and only if[X ^ P^ belongs 
to Ch-i(Chow^^) (resp. Hilb^^. 

Proof. Let us first prove the statement for the Chow semistability. Assume that [X ^ 
W] G Ch"^(Chow^'). This is equivalent to say that [X A P''] G m| where d := 
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deg rOpr(l) = deg (i')*Opr(l). In particular, 7^ 0; hence, from Proposition 



\TOM we deduce that there exists [X A P^ G m| such that j*Or{l) = {i')*Of>r{l). 

j i' 
However, this implies that [X ^ P*"] is in the orbit of [X P^']. Since each stratum 

d d 

is SLr+i-invariant, we get that [X ^ P*"] G M^, q.e.d. 
The proof for the Hilbert semistability is similar: we can define a stratification of 
Hd := {[X C P*"] G Hilb^'* : X is connected} C Hd whose strata are given by 

Ml = {[X C PT G Hd : deg Ox(l) = d} <^ mJ. 

It is clear that Propositions 110.5] and [TO^ remain valid if we substitute m| with m|. 
Therefore, the above proof for the Chow semistability extends verbatim to the Hilbert 
semistability. 
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□ 



10.3. Further properties of Qd,g- From the above results, we can deduce the irre- 
ducibihty of the GIT quotient Q^ g := H^/SLr+i and further properties of the maps 
: Qd,g Mg for d > 4(2c/-2) and of : Q^^g for 2(2^-2) <d<l{2g-2) 

and g > 3. 

Proposition 10.9. 

(i) Assume that d > A{2g — 2). The morphism : Q^ g Mg has equi- dimensional 
fibers of dimension g and, if char (k) = 0, is flat over the smooth locus of Mg. 
(a) Assume that 2{2g — 2) < d < |(2(7 — 2) and g > 3. The morphism <I>p^ : Qd,g ~^ 
Wg has equi- dimensional fibers of dimension g and, if chai{h) = 0, ^P*^ is flat 
over the smooth locus of M^'' . 

In both cases, we get that Qd,g (hence Hd) is irreducible. 

Proof. The proof is a generaUzation of Cap94[ Cor. 5.1, Lemma 6.2, Thm. 6.1(2)]. 



Assume first that d > 4(2(7 ~ 2). Consider the map (see Theorem 19 .ip 

^'■.Hd^ Qa^g % Mg. 

From Corollary I5.5l|ii|) it follows that the fiber of (p^ over a stable curve X € Mg is 
equal to 

rd' 



{^THx)= U Mi 

s(X')=X 

where the union runs over the quasi-stable curves X' whose stable reduction s(X') = 
wps(X') is equal to X and df G Bj^,. Using Lemma 110.41 for every pair {X',d/) 
appearing in the above decomposition there exists d S Bf^ such that {X',df) ^ {X,d). 
This implies that 

(</.^)~i(x)= U M|ni/,. 

We deduce that the fiber (<I>*^)~^(X) contains an open dense subset isomorphic to 



U m| /SLr+1 = U mJ/5L,_ 



Since the above map (|10.2p is SLr+i-equivariant, the natural map M^ C — > Q^^g 
factors through it. Therefore, dimM^/SLr+i < dimPic-(X) = g; hence all the ir- 
reducible components of (<&^)~^(X) have dimension at most g. On the other hand, 
since the general fiber of has dimension g by Theorem IQ.lHiiip . all the irreducible 
components of {^^)^^ {X) must have dimension at least g by the upper semicontinuity 
of the dimension of the fibers. We conclude that {^^)^^ {X) is of pure dimension g. 

Let us now prove the irreducibility of Qd,g- We will use the following elementary 
Fact, whose proof is left to the reader. 
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Fact A: Let f : X Y he a surjective morphism between two varieties. Assume 
that Y is irreducible. If / has equi-dimensional fibers of the same dimension and the 
generic fiber is irreducible, then X is irreducible. 

We apply the above Fact A to the morphism and we use the fact that Mg is an 
irreducible variety (see Fact I2.2l |i|) ) , that has equidimensional fibers of dimension g 
by what we have just proved and that the generic fiber of <I>^ is irreducible by Theorem 
I9.1l1iiip . The irreducibility of Q^g follows. 

In order to prove the flatness of over the smooth locus {Mg)^^ of Mg, we will 
use the following well-known flatness's criterion. 

Fact B (see |Mat89l Cor. of Thm 23.1, p. 179]): Let / : X ^ y be a dominant 
morphism between irreducible varieties. If X is Cohen-Macauly, Y is smooth and / 
has equi-dimensional fibers of the same dimension, then / is flat. 

We apply the above Fact B to the restriction morphism : {^^)~^ {(M g)sYa) 
{Mg)sm and we use that has equidimensional fibers of dimension g as we proved 
above and that Qd,g is Cohen-Macauly if char (A;) = by Theorem |9JJjv]) . 

Assume now that 2{2g — 2) < d < ■^{2g — 2). The proof is entirely analogous to the 
previous proof noticing that, by Corollarv 16.21 the fiber of the morphism 

over a p-stable curve X G M"^^ is given by 

ps(X')=X 

where the union is over the possible quasi-p- stable curves X' whose p-stable reduction 
ps(X') = wps(X') is equal to X and d! G -B^,. We leave the details to the reader. 

□ 

11. Semistable, polystable and stable points 

The aim of this section is to describe the points of Hilb^ that are Hilbert or Chow 
semistable, polystable and stable. Let us begin with the semistable points. 

Theorem 11.1. Consider a point [X C P*"] G Hilb^i and assume that X is connected. 

(1) If d > 4:{2g — 2) then the following conditions are equivalent: 

(i) [X d P*"] is Hilbert semistable; 
(a) [X C P*"] is Chow semistable; 

(Hi) X is quasi-stable, non- degenerate and linearly normal in P*" and Ox(l) is 
properly balanced and non-special; 

(iv) X is quasi-stable and Ox(l) is properly balanced; 

(v) X is quasi-stable and Ox(l) is balanced. 

(2) If 2{2g — 2) < d < ■^{2g — 2) and g > 3 then the following conditions are 
equivalent: 
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(i) [X C F^'] is Hubert semistable; 

(ii) [X C is Chow semistable; 

(Hi) X is quasi-p- stable, non- degenerate and linearly normal in P'' and Ox{^) 
is properly balanced and non-special; 

(iv) X is quasi-p- stable and Cx(l) is properly balanced; 

(v) X is quasi-p- stable and Ox{^) is balanced. 

Proof. Let us first prove part ([T]). 
(dll) (Unl) follows from Fact liH 

(jliip =^ (jliiip follows from the potential stability theorem (see Fact l4.8| ) and Corollary 

EHID. 

(jliiip =^ (IlivP is clear. 

(|livP <;=^ (fTv|) follows from Remark 15.61 using that Ox (1) is ample. 

(jlivP (fTT|) First of all, we make the following 

Reduction: We can assume that C'x(l) is strictly balanced. 

Indeed, by Lemma 18i4)jiil), there exists an isotrivial specialization (X,Oxi^)) 
{X',L') such that X' is quasi-stable and L' is a strictly balanced line bundle on X' of 
total degree d. According to Theorem 113.51 and using that d > A{2g — 2), we conclude 
that L' is very ample and non-special. Therefore, by choosing a basis of H^{X' , L'), 

we get a point [X' P*^] € Hilbrf. According to Theorem EM [X C F""] G Hilbf if 
and only if [X' C F''] G Hilb^''. Therefore, up to replacing X with X', we can assume 
that Ojf (1) is strictly balanced, q.e.d. 

/ 

Now, since X is quasi-stable, we can find a smooth curve B Hilb^i and a point 
bo ^ B such that, if we denote hyWxB-^r^X^B the pull-back via / of the universal 
family over Hilbrf and we set £ := i* {Opr {l)mO b) , then [X A WxB]b^, = [X C and 
'^|7r-i(6) is a connected smooth curve for every b € i?\{6o}. Note that, by construction, 
vr is a family of quasi-stable curves of genus g. As in the proof of Proposition 110.61 we 
can now apply the semistable replacement property, which implies that, up to replacing 
B with a finite cover ramified over 6o, we can find two maps g : B ^ Hilbj^ and 
h : B\ {bo} — > SLr+i such that 

(11.1) f{b) = h{b) ■ g{b) for every bo^beB, 

(11.2) gibo) is Hilbert polystable. 

i' tt' 

We denote by F"" x B ^ y ^ B the pull-back via g of the universal family over Hilb^ 
and we set M := (i')*(C'pr (1) M Ob). Property (lll.ip implies that, up to shrinking 
again B around bo, we have that 

(11-3) i^,Q\7T-'^{B\{bo}) - (3^)-^)|(7r')-l(-B\{6o})- 

Note that this fact together with (jll.2p and the potential stability Theorem (Fact 14. 8p 

implies that it' is also a family of quasi-stable curves of genus g. 
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Consider now the stable reductions s(7r) : s(^) ^ B of vr : ^ — ?> i? and s(7r') : s{y) — )■ 
B of vr' : 3^ — 7- i? (see Remark l2.10p . From (jll.Sp . it follows that s(7r) and s(7r') are two 
families of stable curves which are isomorphic away from the fibers over 69 • Since the 
moduli space Mg of stable curves is separated, we conclude that 



(11.4) 



six) 




Therefore vr and vr' are two families of quasi-stable curves with the same stable reduction 
(from now on, we identify s(Af) —4- B and s(3^) — B via the above isomorphism). If 
we blow-up all the nodes of the fiber over bo of the stable reduction s(7r) = s(7r'), we 
get a new family of quasi-stable curves tt : Z ^ B with the same stable reduction as 
that of vr and of vr', which moreover dominates vr and vr', i.e., such that there exists a 
commutative diagram 

(11.5) Z 




X 





y 




B 

where the maps S and Yl induce an isomorphism of the corresponding stable reductions. 
Equivalently, the maps S and S' are obtained by blowing down some of the exceptional 
components of the fiber of Z over 69. If we set L := !!*(£) and M. := (J^Y[M), then 
([TO]) gives that 



.. -HB\bo) = -^5f-i(B\bo)- 

Lemma [10. 71 now gives that there exists a Cartier divisor D on Z supported on vr^^(6o) 
such that 



(11.6) 



C = M<S)OziD). 



We now set {X,L) := {X,C)bo and d := degL, {Y,M) := {y,M)bo and d! := degM, 
Z := ^bo) L •= ^bo and d := degL, M := and d' := degM. Equation (jll.6p 

gives that d and d' are equivalent on Z. Moreover, d is strictly balanced by the above 
Reduction and d' is strictly balanced by the assumption ()11.2p together with Corollary 
8.61 Therefore, we can apply Lemma 13.111 twice to conclude that X = y. Now, the 
relation (I11.3P together with the Lemma 110.71 imply that there exists a Cartier divisor 
D' on X = y supported on 7r~^(6o) such that 



(11.7) 
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In particular, we get that d is equivalent to d'. Since d and d' are strictly balanced, 
Lemma EM implies that d = d'. Since [3^ ^ P*^ x B]b^ = [Y ^ ¥'] G Hilb^'' by 
assumption (fTOI) . Corollary HOHl gives that [X C P*"] G Hilb^^ q.e.d. 

The proof of part ([2]) is similar: it is enough to replace quasi-stable curves by quasi- 
p-stable curves (using Corollatv 16. 2p . to replace the stable reduction by the p-stable 
reduction and using the fact that the moduli space M^*^ of p-stable curves of genus g 
is separated. 

□ 

From the above Theorem 111.11 we can deduce a description of the Hilbert and Chow 
polystable and stable points of Hilb^. 

Corollary 11.2. Consider a point [X C P^] G Hilb^ and assume that X is connected. 

(1) If d > 4:{2g — 2) then the following conditions are equivalent: 

(i) [X d P''] is Hilbert polystable; 
(a) [X C P*"] is Chow polystable; 

(Hi) X is quasi-stable, non- degenerate and linearly normal in P*" and is 

strictly balanced and non-special; 
(iv) X is quasi-stable and Ox{^) is strictly balanced. 

(2) If 2{2g — 2) < d < \{2g — 2) and g > 2> then the following conditions are 
equivalent: 

(i) [X C P*^] is Hilbert polystable; 
(a) [X C P''] is Chow polystable; 

(Hi) X is quasi-p- stable, non- degenerate and linearly normal in P'' and C'x(l) 

is strictly balanced and non-special; 
(iv) X is quasi-p- stable and is strictly balanced. 

Proof Let us prove part ([T|). 

(fTH) (|liip : from Theorem 111.1 t fT]) we get that the Hilbert semistable locus inside 
Hilb(i is equal to the Chow semistable locus. Since a point of Hilb,^ is Hilbert (resp. 
Chow) polystable if and only if it is Hilbert (resp. Chow) semistable and its orbit is 
closed inside the Hilbert (resp. Chow) semistable locus, we conclude that also the locus 
of Hilbert polystable points is equal to the locus of Chow polystable points. 

(jliip =^ (lliiip follows from the potential stability theorem (see Fact 14.81) . Corollary 
[53ip and Corollary ESI 

(|liiip =^ (jlivp is obvious. 

(fThF|) ^ 1^: from Theorem HLDH]) , we get that [X C P^ G Hilbf . We have to 
prove that the SLr_|_i-orbit of [X C P^] is closed inside Hilb^*. For this reason it is 
enough to prove that if 5 C Hilb^'^ is a smooth curve and 6o is a point of B such that 
all the points of B \ bQ are in the same orbit of [X C P''] then also 6o is in the orbit 
of [X C P']. Since SLi._|-i acts by changing the embedding of a point [Y C P'] G Hilb^ 
via a projective change of coordinates, it is enough to prove the following 
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Claim : If := x 5 ^ 3^ A S is a polarized family in Hilb^* such that for 
anybe B\bo we have that iy,M) := ^ then {y,M)bo = 

With the same argument as in the proof of Proposition 110.51 we get that y ^ B \s 
obtained from the constant family X := X yi B ^ B hy blowing up some of the nodes 
of the central fiber. In other words there exists a morphism of families of quasi-stable 
curves 

3^ X :=X xB 




B 

which is an isomorphism outside 5o and which is the contraction of some of the excep- 
tional components of J^^p. Consider the constant line bundle C := Ojc (1) ^ Ob on X. 
In view of our assumptions on (3^,7^4), we deduce that, up to shrinking B around 6o) 
we have an isomorphism A^7r-i(B\f,Q) — '^*(i^)-n-^{B\bo)- Lemma [10.71 implies then that 
there exists a Cartier divisor on y supported on the central fiber such that 

(11.8) M = T.*{C)®Oy{D). 

In particular, the multidegrees of the line bundles M-h^ and of (S)* (£);,„ = (Sf,(,)*(0x(l)) 
on y := 3^bp are equivalent. Lemma 13.111 implies now that : y ^ X is an isomor- 
phism, which indeed is equivalent to the fact that S induces an isomorphism between 
y and the constant family X = X x B. Equation 111.81 implies now that the multidegree 
of the line bundles M.ba and Ox{^) on X are equivalent. Since deg Ox{^) is strictly 
balanced by assumption and degM.bo properly balanced by the Potential stability 
Theorem (see Fact 14. 8p together with Remark 15.61 we can apply Lemma 13.111 in order 
to conclude that deg Ojc (1) = deg Mho- From what we have proved so far, we deduce 

that the polarized family P^ := P*" x i? ^ 3^ A i? we started with is induced by a 
map f : B ^ where d := deg Oxi^)- Moreover the original assumption that 

{y,M := i*{Opr^{l))b = iX,Ox{l)) for any b£ B\bo translates into the fact that 

f{B\bo)Cp-\Oxil)), 

where p : m| Pic^i(X) is the map of ()10.2p . Since p is a morphism between algebraic 
varieties, its fibers are closed and therefore we get that f{bo) € p~^(Ox(l)), which is 
equivalent to iy,M)bo = (X, C'x(l)), q-e.d. 

The proof of part ([2]) is similar: it is enough to replace quasi stable curves by quasi- 
p-stable curves (which is possible by Corollary 16. 2p and use Theorem lll.ltp ]) and the 
potential pseudo-stability Theorem 15. li 

□ 

Corollary 11.3. Consider a point [X C P*"] G Hilbf^ and assume that X is connected. 
(1) If d > 4:{2g — 2) then the following conditions are equivalent: 
(i) [X C PT is Hubert stable; 
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(ii) [X C is Chow stable; 

(in) X is quasi-stable, non- degenerate and linearly normal in ¥^ and is 

stably balanced and non-special; 
(iv) X is quasi-stable and is stably balanced. 

(2) If 2{2g — 2) < d < \{2g — 2) and g > 3 then the following conditions are 
equivalent: 

(i) [X C FT is Hubert stable; 

(ii) [X C is Chow stable; 

(Hi) X is quasi-p- stable, non- degenerate and linearly normal inW and Ox{^) 

is stably balanced and non-special; 
(iv) X is quasi-p- stable and Ox{^) is stably balanced. 

Proof. Let us prove part ([1]). 

(fTnl) =^ ^ follows from Fact Wl\ 

(fTIj) =^ (jliiip follows from the potential stability theorem (see Fact I4.8P and Theorem 

EH 

(jliiip =^ (jlivp is obvious. 

(fTrvl) ^ from Corollary [lOII]), we get that [X C P^ is Chow polystable. 

Lemma 13.91 gives that X := X\ Xcxc is connected; hence, from Corollary 17.31 we 
deduce that StabpcLr+i ([-''^ C P']) is a finite group. This implies that [X C P^] G 
Ch^^(Chow^) since a point of Hilb^ is Hilbert (resp. Chow) stable if and only if it is 
Hilbert (resp. Chow) polystable and it has finite stabilizers with respect to the action 
of PGLr+l. 

The proof of part ([2]) is similar, using the potential pseudo-stability Theorem 15.11 
and CoroharydLl]©. 

□ 

12. A NEW COMPACTIFICATION OF THE UNIVERSAL JACOBIAN OVER THE MODULI 

SPACE OF PSEUDO-STABLE CURVES 

Fix integers d and g > 2. Consider the stack J^d,g, called the universal Jacobian stack 
of genus g and degree d, whose section over a scheme S is the groupoid of families of 
smooth curves of genus g over S together with a line bundle of relative degree d. We 
denote by J^^g its coarse moduli space, and we call it the universal Jacobian variety 
(or simply the universal Jacobian) of degree d and genus £0. 

From the work of Caporaso ( |Cap94| ), it is possible to obtain a modular compactifi- 
cation of the universal Jacobian stack and of the universal Jacobian variety. Denote by 
Jd,g the category fibered in groupoids over the category of schemes whose section over 

^In |Cap94| , this variety is called the universal Picard variety and it is denoted by Pd,g- We prefer 
to use the name universal Jacobian, and therefore the symbol Jd,g, because the word Jacobian variety 
is used only for curves while the word Picard variety is used also for varieties of higher dimensions 
and therefore it is more ambiguous. Accordingly, we will denote the CaporEiso's compactified universal 
Jacobian by Jd,g instead of Pd,g as in |Cap94| ( see Fact 112. ip . 
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a scheme S is the groupoid of famihes of quasi-stable curves over S of genus g endowed 
with a line bundle whose restriction to each geometric fiber is a properly balanced line 
bundle of degree d. We summarize all the known properties of J'd^g into the following 

Fact 12.1. Let g>2 and d£Z. 

(1) 'Jd,g is a smooth, irreducible, universally closed Artin stack of finite type over 
k, having dimension ig — 4 and containing J'd,g cls an open substack. 

(2) Jd,g admits an adequate moduli space Jd,g (in the sense of |Alp2| j, which is a 
normal irreducible projective variety of dimension 4(7 — 3 containing Jd^g as an 
open subvariety. 

(3) There exists a commutative digram 

^ d,g ^ d,g 

jAg ^Mg 

where is universally closed and surjective and is projective, surjective 
with equidimensional fibers of dimension g. 

(4) If char (k) = 0, then for any X € Mg we have that 



^ Jacd(X)/Aut(X), 



where Jacd(X) is the Simpson's compactified Jacobian of X parametrizing S- 
equivalence classes ofrank-1, torsion-free sheaves on X that are slope- semistable 
with respect to ujx- 
(5) 7/4(25 -2) < d then we have that 



r Jd,g = [Hd/GL{r + l)], 
\ld,g = Hd/GL{r + l) = Q^^g, 



where Hd C Hilb(i is the open subset consisting of points [X C P^] £ Hilb^ such 
that X is connected and [X C P*"] is Hilbert semistable (or equivalently. Chow 
semistable) . 

Parts ([I]), ([21), dS]) follow by combining the work of Caporaso ( |Cap94| , |Cap05| ) 
and of Melo ( |Mel09] ). Part ([5]) follows as well from the previous quoted papers if 
d > 10(2(7 — 2) and working with Hilbert semistability. The extension to d > 4(2(7 ~ 2) 
and to the Chow semistability follows straightforwardly from our Theorem Ill.ll fT]) . 
Part O was observed by Alexeev in |Ale04t Sec. 1.8] (see also |CMKVl Sec. 2.9] for a 
related discussion and in particular for a discussion about the need for the assumption 
char(/c) = 0). 

We call J^d,g (resp. Jd,g) the Caporaso's compactified universal Jacobian (resp. 
Caporaso 's compactified universal Jacobian) of genus g and degree d. 
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The aim of this subsection is to define and study a new compactification of Jd,g 
(resp. of Jd^g) over the stack AA^g (resp. the variety M^g) of p-stable curves, of genus 
5 > 3. 

12.1. The moduli stack of properly balanced line bundles over quasi-p-stable 
curves. Let J^dg category whose sections over a /c-scheme S are pairs (/ : ^ — t- 

S, C) where / is a family of quasi p-stable curves of genus g > 3 and C is a line bundle 
on X of relative degree d that is properly balanced on the geometric fibers of /. Arrows 
between such pairs are given by cartesian diagrams 

h 




and an isomorphism C = h*C'. Note that J'd^g is a category fibered in groupoids over 
the category of A;-schemes. 

The aim of this subsection is to prove that J'^^g is an algebraic stack and to study 
its properties. Let us first show that J^^g is periodic in d with period 2g — 2. 

Lemma 12.2. For any integer n, there is a natural isomorphism J^d,g — J'T+n{2g-2),g 
of categories fibered in groupoids. 

Proof. The result follows immediately by noticing that a line bundle L on a quasi-p- 
stable curve X is properly balanced if and only if L (8) to^ is properly balanced, for any 
integer n. The required isomorphism will then consist of associating to any section 
{f:X^S,C)e jTgiS) the section {f : X ^ S,C^co]) e Jdlni2g-2),giS), where by 
Uf we denote the relative dualizing sheaf of the morphism /. □ 

We will now show that if 2(2^ — 2) < d < ■^{2g — 2) then j'd'g is isomorphic to the 
quotient stack [i/^/GLr+i], where GL].+i acts on Hd via its projection onto PGLj+i. 
Recall that, given a scheme S, [i!fd/GLr+i](S) consists of GLr+i-principal bundles 
(j) : E ^ S with a GLr+i-equi variant morphism : E ^ Hd. Morphisms are given by 
pullback diagrams which are compatible with the morphism to Hd- 

Theorem 12.3. // 2{2g — 2) < d < |(2g — 2) and g > 3 then J^^g is isomorphic to 
the quotient stack [/7(i/GLj.+i]. 

Proof. To shorten the notations, we set G := GLr+i. We must show that, for every k- 
scheme S, the groupoids J^^^g{S) and [Hd/G]{S) are equivalent. Our proof goes along 
the lines of the proof of [Mel091 Thm. 3.1], so we will explain here the main steps and 
refer to loc. cit. for further details. 

Given {f : X ^ S,C) G •j'd^^giS), we must produce a principal G-bundle E on S and 
a G-equivariant morphism tp : E ^ Hd- Notice that since d > 2{2g — 2), Theorem 
113. 5f i) implies that H^{Xs, C\Xs) = for any geometric fiber Xg of /, so f*{C) is locally 
free of rank r + l = d — g + \. We can then consider its frame bundle E, which is a 
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principal GLf+i-bundle: call it E. To find the G-equivariant morphism to H^, consider 
the family Xe '■= X xs E of quasi-p-stable curves together with the pullback of C to 
Xe, call it Ce, whose restriction to the geometric fibers is properly balanced. 

By definition of frame bundle, fE*i^E) is isomorphic to A^^^ 'Xk E. Moreover, the 
line bundle Ce is relatively ample by Remark 15. 6t hence it is relatively very ample by 
Theorem ll3.5l|in|) . Therefore, Ce gives an embedding over E of Xe in P*" x E. By the 
universal property of the Hilbert scheme Hilb^, this family determines a map tp : E ^ 
Hilb(i whose image is contained in by Theorem I ll.lt p]). It follows immediately from 
the construction that -0 is a G-equivariant map. 



X 



s 



Xe ■.= XxsE 



fE 



E 



Hilbrf 



Let us check that isomorphisms in Jd,gi^) ^^^d canonically to isomorphisms in 
[Hd/G]{S). Consider an isomorphism between two pairs {f : X ^ S,C) and (/' : 
X' — 7> S,C') , i.e., an isomorphism h : X ^ X' over S and an isomorphism of line 
bundles C = h*C' . Since f'h = /, we get a unique isomorphism between the vector 
bundles f*{C) and fi{C'). As taking the frame bundle gives an equivalence between 
the category of vector bundles of rank r + 1 over S and the category of principal GLr+i- 
bundles over S, the isomorphism /*(£) = fi{C') leads to a unique isomorphism between 
their frame bundles, call them E and E' respectively. It is clear that this isomorphism 
is compatible with the G-equivariant morphisms ip : E ^ and ip' : E' ^ H^. 

Conversely, given a section {(p : E ^ S,'ijj : E ^ H^) of [H^/G] over a /c-scheme S, 
let us construct a family of quasi-p-stable curves of genus g over S and a line bundle 
whose restriction to the geometric fibers is properly balanced of degree d. 

Let Cd be the restriction to of the universal family on Hilb^. By Theorem I ll.lt j2]). 
the pullback of Cd by gives a family Ce on E of quasi-p-stable curves of genus g and 
a line bundle Ce on Ce whose restriction to the geometric fibers is properly balanced. 
As ip is G-invariant and is a G-bundle, the family Ce descends to a family Cs over 
5, where Cs = Ce/G. In fact, since Ce is flat over E and E is faithfully flat over S, Cs 
is flat over S too. 

Now, since G = GLj-i-i, the action of G on Cd is naturally linearized. Therefore, 
the action of G on can also be linearized to an action on Ce, yielding descent data 
for Ce- Since Ce is relatively very ample and (p is a principal G-bundle, a standard 
descent argument shows that Ce descends to a relatively very ample line bundle on 
Cs, call it Cs, whose restriction to the geometric fibers of Cs — ?> S is properly balanced 
by construction. 

It is straightforward to check that an isomorphism on [Hd/G]{S) leads to an unique 
isomorphism in J^^^g{S). 
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We leave to the reader the task of checking that the two functors between the 
groupoids [Hj^/G\{S) and J^d,g{S) that we have constructed are one the inverse of the 
other, which concludes the proof. □ 

From Theorem ll2.3l and Lemma [12.2l we deduce the following consequences for J^d,g- 

Proposition 12.4. j'^d,g ^ smooth and irreducible universally closed Artin stack of 
finite type over k and of dimension Ag — 4, endowed with a universally closed morphism 
^'P'^ onto the moduli stack of p- stable curves ■ 

Proof. Using Lemma 112.21 we can assume that 2(2^ - 2) < d < 1(25 - 2) and hence 
that jfg ^ [Hd/GLr+i] by Theorem [1231 

The fact that j'a^g is a universally closed Artin stack of finite type over k follows 
from Theorem 1 1 2 . 3 1 and general facts of GIT. J^^^^g is smooth and irreducible since is 
smooth by Theorem 19.1 tjiy]) and irreducible by Proposition 110.91 Using again Theorem 
I9.1l!)ivp . we can compute the dimension of J'^^^g as follows: 

dim jfg = dim Hd - dim GL^+i = r(r + 2) + 4g - 3 - (r + 1)^ = 4g - 4. 

Now, given (/ : ^ — > 5, £) G J^d,g{S)^ we get an element of M^g{S) by forgetting £ 
and by considering the p-stable reduction ps(f) : ps(A') — t- S of / (see Definition 12. 12 p . 
This defines a morphism of stacks '^^^ : J^d,g ~^ -^^g ^ which is universally closed since 
Jd,g IS so. 

n 

Notice that acts on J^d^g by scalar multiplication on the line bundles and leaving 
the curves fixed. So, Gm is contained in the stabilizers of any section of J^^dg- This 
implies that J^d^g are never DM (= Deligne-Mumford) stacks. However, we can quotient 
out J^d,g by the action of Gm using the rigidification procedure defined by Abramovich, 
Corti and Vistoli in [ACVOlj : denote the rigidified stack by J^d,g //^m- Then from 
Theorem ll2.3l it follows that j'^^g ffGrn is isomorphic to the quotient stack [iJ^/PGLr+i] 
if 2{2g -2) <d< l{2g - 2). Note that, using Proposition 112.41 we get 

dim J^d,g []Gm = dim J^d,g + 1 = 4c/ - 3. 

From the modular description of J^dg it is straightforward to check that the stack 
m is the stackification of the prestack whose sections over a scheme S are 
given by pairs {f : X ^ S,C) as in j'^d,g ^'^^ whose arrows between two such pairs are 
given by cartesian diagrams 




and an isomorphism C = h*C' ® f*M, for some M € Pic(S). We refer to |Mel091 Sec. 
4] for more details. 

We can now determine when the stack J^^^g ffGm is a DM-stack. 
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Proposition 12.5. Assume that g > 3. The following conditions are equivalent: 
(i) gcd(d + 1 - 5, 25 - 2) = 1; 

(a) For any d' = d mod 2g - 2 with 2{2g - 2) < d' < \{2g - 2) , the GIT quotient 

i?(i//PGLr+i is geometric, i.e., there are no strictly semistable points; 
(Hi) The stack J^^g [j'G'm. is a DM-stack; 
(iv) The stack J^d,g O^m is proper; 

(v) The natural morphism J^d,g O'^m ~^ -^^^ representable. 

Proof. ^ ^ the GIT quotient -ff^'/PGLi._|_i is geometric if and only if every 

polystable point is also GIT-stable. From Corollaries 111.2 1 |2]) and lll.3l |2]). this happens 
if and only if, given a quasi-p-stable curve X of genus g and a line bundle L on X of 
degree d' , L is stably balanced whenever it is strictly balanced. Recalling Definition 
13.61 it is easy to see that this occurs if and only if, given a quasi-p-stable curve X of 
genus g, any proper connected subcurve Y C X such that 

is either an exceptional subcurve or the complementary subcurve of an exceptional 
subcurve. Now the combinatorial proof of |Cap94[ Lemma 6.3] shows that this happens 
precisely when gcd((i' + 1 — g,2g — 2) = 1. We conclude since gcd{d + 1 — g,2g — 2) = 
gcd{d' + I — g,2g — 2) for any d = d' mod 2g — 2. 

For the remainder of the proof, using Lemma 112.21 we can and will assume that 
2(25-2) <d< |(2ff -2). 

Let us now show that the conditions (jn]), ([ni|l and (jvj) are equivalent. From Theorem 
17.21 and its proof, we get that for any [X C P*"] € Hd, if we set L := C'x(l), then we 
have an exact sequence 

(12.1) ^ Gt;(^)~^ ^ Aut{X, L) ^ StabpGL,+i([^ C PH) ^ Aut(ps(X)), 

where jiX) denotes, as usual, the connected components of the non-exceptional sub- 
curve X of X. Note that Aut(X, L) is the automorphism group of {X,L) £ {J^d^g [] 
Gm)(^) by the definition of the G^-rigiidification. 

We claim that each of the conditions ([ii|), (pli|) and (jvj) is equivalent to the condition 

7(X) = 1 for any [X C P^ G or, equivalently, for any(X,L) e {J^^g //Gm){k). 
Indeed: 

• Condition (jn]) is equivalent to (*) by Lemma l3.9i 

• Condition (jin|) implies (*) because the geometric points of a DM-stack have a 
finite automorphism group scheme. Conversely, if (*) holds then Aut(X, L) C 
Aut(ps(X)), which is a finite and reduced group scheme since A^g^ is a DM- 
stack if g > 3. Therefore, also Aut(X, L) is a finite and reduced group scheme, 
which implies that ^7^^^ //Gm is a DM-stack. 
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• Condition (jvj) is equivalent to the injectivity of the map Aut(X, L) — > Aut(ps(X)) 
for any {X,L) G iJ^T,g 0^m){k)- This is equivalent to condition (*) by the 
exact sequence ()12.ip . 

© =^ (jivl) : this follows from the well-known fact that the quotient stack associated 
to a geometric projective GIT quotient is a proper stack. 

(ITvl) dni): the automorphism group schemes of the geometric points of a proper 
stack are complete group schemes. From (jl2.ip . this is only possible if 7(X) = 1 for 
any {X,L) G {J^d^g [J^m){k), or equivalently if condition (*) is satisfied. This implies 
that (jn]) holds by what proved above. □ 

Remark 12.6. Notice that even if the existence of strictly semistable points in 
prevents J^d^g //Gm to be separated, the fact that it can be realized as a GIT quotient 
implies that its non-separatedness is, in a sense, quite mild. Indeed, according to the 
recent work of Alper, Smyth and van der Wick in [ASvdW] . we have that both the stack 
J^^g //Gm and the morphism j'^^g //Gm — ^ -^g^ are weakly separated, which roughly 
means that sections of j'^^g [JGm over a punctured disc have unique completions that 
are closed in J^^g [JGm (see |ASvdW( Definition 2.1] for a precise statement). Since 
both J^Jig []Gm and J^^g []Gm — >■ M^g are also universally closed, then according to 
loc. cit. we get that they are weakly proper. 

12.2. Existence of the moduli space J^^^ for the moduli stack J^dg- Since from 
Theorem 112.31 above we have that, for 2(2g — 2) < d < ■^{2g — 2), the stack J^^^g is 
isomorphic to the quotient stack [Hd/Gh^^i], it follows that there is a natural morphism 

(12.2) Jf,g ^ Qd,g ■■= Hd/Gh,+i for any 2(2g - 2) < d < ^(2g - 2). 

From the work of Alper (see |Alp| and |Alp2| ), we deduce that the morphism (jl2.2p 
realizes Qd,g as the adequate moduli space of J^d,g and even as its good moduli space 
if the characteristic of our base field k is equal to zero or bigger than the order of the 
automorphism group of every p-stable curve of genus g (because in this case, all the 
stabilizers are linearly reductive subgroups of GLr+i, as it follows from Lemma 17.11 
and the proof of Theorem 17. 2p . We do not recall here the definition of an adequate 
or a good moduli space (we refer to |Alp| and |Alp2| for details). We limit ourselves 
to point out some consequences of the fact that ()12.2p is an adequate moduli space, 
namely: 

• The morphism (jl2.2p is surjective and universally closed (see |Alp2[ Thm. 
5.3.1]); _ ^ 

• The morphism (112. 2p is universal for maps from j'^^g to locally separated alge- 
braic spaces (see |Alp2[ Thm. 7.2.1]); 

• For any algebraically closed field k' containing A;, the morphism (jl2.2p induces 
a bijection 

jZ^k'),^^Q,^g{k') 
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where we say that two points xi,X2 G ■Jd,g{^') equivalent, and we write 
xi ~ X2, if {xj n {x^T^ in J^;^"^ A;' (see pip2l Thm. 5.3.1]). 

Moreover, if the GIT-quotient is geometric, which occurs if and only if gcd((i — g + 
l,2g — 2) = 1 by Proposition 112.5"! then it follows from the work of Keel-Mori (see 
|KeM97] ) that actually Qd^g is the coarse moduli space for j'd^^g, which means that the 
morphism (112.20 is universal for morphisms of J'^^^g into algebraic spaces and moreover 
that ()12.2p induces bijections 

for any algebraically close field k' containing k. 

It follows from the above universal properties of the morphism (|12.2p that if 2{2g — 
2) < d,d' < ^{2g — 1) are such that j'^^g = j'd^g then = Qd',g- particular, 
using this fact and the periodicity of J'^^g in d (see Lemma 112. 2|) , we can now give the 
following 

Definition 12.7. For any d G Z and any 5 > 3, we set jj^^^ := Qd',g = Hd' /GLj-^^^i for 
any d' = d mod 2^-2 such that 2{2g - 2) < d' < l{2g - 2). 

Note that for any d £ Z, we have a natural morphism 

(12.3) JZ ^ JZ 

which is an adequate moduli space in general and a coarse moduli space if (and only 
if)gcd(d-5 + l,25-2) = l. 

We collect some of the properties of the following proposition. 

Proposition 12.8. Let g > 3 and d € Z. Then: 

(i) J^^g is a normal irreducible projective variety of dimension 4g — 3. Moreover, if 

char (A;) = 0, then J^g has rational singularities, hence it is Cohen- Macauly. 
(a) There exists a surjective map : ~^ ^^g whose geometric fibers are equi- 
dimensional of dimension g. Moreover {(^^^)^^{C) = Pic'^(C) for every geometric 
point C G M° C and, ifdiar{k) = 0, the restriction : (^>p")-1((M^')°) ^ 
(M^y is flat. 

(Hi) The k-points of o.^^ natural bijection with isomorphism classes of pairs 
{X, L) where X is a quasi-p- stable curve of genus g and L is a strictly balanced 
line bundle of degree d on X. 

Proof. Clearly, the above properties are preserved by the isomorphisms J^^g = J^d+n{2g-2),d 

induced by Lemma 112.21 Therefore, we can assume that 2{2g — 2) < d < ^{2g — 2) so 

that jZ = Qd,g = Hd/GLr+i. 

Parts ^ and (jn]) follow by combining Theorem 19.11 and Proposition 110.91 

Part follows from Corollarv lll.2l |2]) together with the fact that in a GIT quotient 

the geometric points naturally correspond to polystable points. 

□ 
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12.3. Fibers of : rj^g . The aim of this subsection is to give a description 

of the fiber of over ap-stable curve X € M'^g in terms of the Simpson's compactified 
Jacobian of X, Jacd(X), that we will now describe. 

Let X be a p-stable curve of genus g. Let / be a coherent sheaf on X. We say that / 
is torsion-free if supp(I) = X and I does not have non-zero subsheaves whose support 
has dimension zero. Clearly, a torsion-free sheaf I can be not free only at the nodes 
and cusps of X. We say that / is of rank-1 if I is invertible on a dense open subset of 
X. Each line bundle on X is torsion- free of rank-1. 

For each subcurve Y of X, let /y be the restriction I|y of I to y modulo torsion. 
If / is a torsion- free (resp. rank-1) sheaf on X, so is /y on Y. We let degy(/) denote 
the degree of ly, that is, degy(/) := xi^y) — x(C'y). 

Definition 12.9. Let X be a p-stable curve of genus g > 2 and / a rank-1 torsion-free 
sheaf of degree d on X. We say that / is uj x- semistahle if for every proper subcurve Y 
of X, we have that 

(12.4) deg,(/) > d^te) _ I 

where fcy denotes, as usual, the length of the subscheme y n X \ y of X. 
Consider the controvariant functor 

(12.5) : SCH ^ SET 

which associates to a scheme T the set of T-flat coherent sheaves on X x T which are 
rank-1 torsion- free sheaves and cjx-semistable on the geometric fibers X x {t} of the 
second projection morphism X x T T. 

From the work on Simpson in [Sim94j . we have the following result concerning the 
co-representability of the moduli functor J^d.x (in the sense of Convention II. 8p . 

Fact 12.10 (Simpson). For any integer d, there is a projective variety Jacd(X) which 
co-represents the functor Jd,x- The geometric points of Jacd(X) parametrize S- 
equivalence classes of rank-1 torsion-free sheaves on X which are ojx-semistable. 

For the definition of S'-equivalence of sheaves, we refer the interested reader to 
|Sim94j . 

In the next Lemma we will describe torsion- free, rank-1 sheaves on X via certain 
line bundles on quasi-p-stable models of X. 

Lemma 12.11. Let I be a rank-1 torsion-free sheaf on a p-stable curve X. Then there 
exists a quasi p-stable curve X' and a line bundle L on X' such that 

(i) . ps(X') = X; 

• Aeg^L = 1 for all exceptional subcurves E of X' ; 

• I = TT^{L) where vr : X' — > ps(X') = X is the natural morphism. 
Moreover, X' and are unique. 
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(ii) Furthermore, I is ux-semistable if and only if L is properly balanced. 

Proof. We start by proving (i). Denote by Sing(I) the set of singular points of X where 
/ is not locahy-free. Then the partial normalization of X at Sing(I), v -.Y ^ X, and 
the blow-up (in the sense of Corollary I2.1ip of X at Sing(I), vr : X' — >■ X, fit into the 
following commutative diagram 

(12.6) X' 

7T 

X 

where i represents the natural inclusion morphism. 

CLAIM 1: There is a unique line bundle M on y such that i^*(M) = /. 

This is certainly well-known (see [Kas] and the references therein), so we only give 
a sketch of the proof. Consider the sheaf £nd{I) of endomorphisms of /. Scalar 
multiplication induces a natural inclusion Ox ^ Snd{I) and this inclusion makes 
£nd{I) into a sheaf of finite commutative Ox-algebras. Moreover, there exists a unique 
rank-1 torsion-free sheaf J on Spec{£nd{I)) with the property that /*(J) = /, where 
/ : Spec (fnd(I)) ^ X is the natural map (see |Kasl Lemma 3.7]). The claim now 
follows from the following two facts 

(*) £nd{I) = z^*(Oy) and J is a line bundle. 

Indeed, if (*) is true then Y = Spec{£nd{I)) and we can take M = J. Property 
(*) is a local property, i.e. it is enough to prove that for any p £ X with i^~^(p) = 
{qi, ■ ■ ■ ) Qr} C Y, we have that 

C End(Ip) = eiOv.q; as Ox,p - modules, 

(**) S 

I /p is a free module over End(Ip). 

If p Sing(I) then (**) is clear: i' is an isomorphism above p and Ip = Ox,p is a free 
module over End(Ip) = Ox,p- If p € Sing(I) (hence p is a node or a cusp of X), then 
it is well-known (see e.g. |Kasl Prop. 5.7]) that Ip is isomorphic to the maximal ideal 
rrip of Ox,p-, End (trip) is isomorphic to the normalization Ox,p of Ox,p and m.p is a free 
module over Ox,p- Property (**) is proved also in this case, q.e.d. 

Let now E := Ei\J ■ ■ ■ \J En be the union of the exceptional subcurves of X' . Then 
we can find a line bundle L on X' such that L|y = M and deg^.L = 1, i = 1, . . . , n. 
The proof of part (i) is now implied by the following 

CLAIM 2: The natural restriction morphism 

res : 7r*L u^,{L\y) = v^{M) 

is an isomorphism of sheaves on X. 

We must show that for every open subset [/ C X, the restriction map 

res : L{tt~^{U)) L|y (^^-^(C/)) = L|y(i/~\C/)) 
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is an isomorphism of C'x(f^)-niodules. Suppose for simplicity that U contains a 
unique point p G Sing(I) and let Eq be its pre-image under vr. Then every section 
s G L{'K^^{U)) can be seen as a couple {Tes{s), s^^o) P^^^ a compatibility condi- 
tion. In the case when p is a node, this condition just says that the value of s^Eq 
in i~^(7r~^(p)) = i'~^{p) must coincide with the values of res(s) on those points. In the 
case when p is a cusp, the condition says that the value of s^Eq on the pre-image i'~^{p) 
of the cusp must coincide with the value of res(s) on that point and the same for their 
derivatives at that point. We conclude using the fact that a section s G H^{F^, Opi{l)) 
is determined either by its value at two distinct points of P"*^ or by its value at one point 
together with its derivative at that point. The general case, where U contains several 
points of Sing(I), is dealt with similarly. 

Now to prove (ii) we start by recalling that if / is a torsion- free rank-1 sheaf on a 
p-stable curve X and if Z = Zi U • • • U is a subcurve of X with Zi irreducible, then 

r 

(12.7) deg^(/) = ^deg^^(/) + ^z 

i=l 

where iz is the number of points in Sing(/) lying in two different irreducible components 
of Z (see for instance |MV1 Lemma 4.4]). Assume first that / is wx-semistable. Let Z' 
be a subcurve of X' and denote by Z the image of Z' under vr. Then by (i) and (|12.7p 
we have that 

degz'L = deg^(^)/ + ez' 

where ez' is the number of exceptional subcurves in Z' meeting the rest of Z' in less 
than 2 points. Since by hypothesis / is wx-semistable we get that 

(12.8) degz,L>d-^-'^+ez'. 

2g — 2 2 

Let e^; (resp. e^,) be the number of exceptional subcurves in Z' meeting the rest of 
Z' in exactly (resp. 1) points. Then kz' = kz + 2e^/, so from (112. Sp we get that 

A T J ^z' kz' I 
- ^2^ - ^ + 

which shows that L is balanced on X' . Since, by construction, the degree of L on each 
exceptional subcurve of X' is equal to 1, we get that L is properly balanced. 

Now, suppose that L is properly balanced and let us see that I is wx-semistable. 
Let Z be a proper subcurve of X. Then by the above discussion it is clear that 
since L is properly balanced there is a subcurve Z' C X' such that vr(Z') = Z and 
degz'L = degzl- It immediately follows that / is wx-semistabe. □ 

The following theorem yields a modular description of the fibers of the map : 
jf^g Mf. In the proof, we will use the terminology recalled in Convention 11.81 

Theorem 12.12. Let g > 3 and d G Z. Assume that char(A;) = or that chai:{k) = 

p > is bigger than the order of the automorphism group of every p-stable curve of 
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genus g. Then the fiber (<I>p^) (X) of the morphism : J^ g — )• Mg over X € Mg 
is isomorphic to Jacd(X)/Aut(X). 



Proof. Consider the contravariant functor Vd,x '■ SCH — )• SET which associates to a 
scheme S the set of isomorphism classes of pairs given by a family of quasi-p-stable 
curves f : y ^ S such that the p-stable reduction of all geometric fibers of / is 
isomorphic to X together with a line bundle C over y such that the restriction of C to 
the geometric fibers of / is properly balanced of degree d. 

CLAIM 1: {^^^)^^ (X) co-represents the functor Vd,x if char(/c) = or if ch.ar{k) = 
p > is bigger than the order of the automorphism group of every p-stable curve of 
genus g. 

Using Lemma 112.21 we can assume that 2{2g — 2) < d < ■^{2g — 2), in which case 
J^^g is isomorphic to the GIT quotient Q^g = Ha/GLj-^i by Definition 112.71 Under 
our assumptions on the characteristic of k, the stabilizers of the action of GLr+i on 
Hd are linearly reductive as it follows from Lemma 17.11 and the proof of Theorem 17.21 
This implies that the GIT quotient -ffd/GLr+i is a universal categorical quotient (in 
the sense of |MFK94[ Chap. 0, Def. 0.7 ]) and the resuh now follows as in |CMKV1 
Fact 2.8], q.e.d. 

Consider now the contravariant functor J^d,x '■ SCH SET that associates to a 
scheme S the set of isomorphism classes of pairs given by a family of p-stable curves 
f : X ^ S with all geometric fibers isomorphic to X together with an S'-fiat coherent 
sheaf X on ^ such that the restriction of X to any geometric fiber Xg of / is rank-1, 
torsion- free and a;;vf^-semistable. 

CLAIM 2: Jacd(X)/Aut(X) co-represents the functor Jd,x- 

Let us first define a natural transformation $ : Jd^x Hom(— , JaCci(X)/Aut(X)). 

Consider a section {f : X ^ S,Z) E Jd,x{S) and let {Ui — )• 5} be an etale cover of S 

that trivializes the family /, i.e. such that there is an isomorphism ai : X^u. ^ X x Ui 

over Ui. Therefore we get an element {X x Ui ^ U, (a^ )*(!)) € J^d,x{Ui), which, since 

JaCd(X) co-represents J^d,x by Fact 112.101 determines a morphism ipi : U ^ Jacrf(X). 

Consider now two open subsets U and Uj of the above etale cover and set Uj = 

UiXs Uj. The restrictions of the sheaves (aj)*(I) and {aj)^{Z) to X x Uij differ by an 

automorphism of X. This is equivalent to say that the restrictions of the morphism 

ipi and ipj to Uij differ by an automorphism of X. Therefore, the compositions <j)i : 

Ui — 7> Jacd{X) — > Jacrf(X)/Aut(X) agree on the pairwise intersections Uj and hence 

glue together to give a map (j) : S ^ Jacd{X) / Ant{X) such that the restriction of (p 

to Ui coincide with cpi. By defining $(/ : X ^ S,I) := (j), we get the required natural 

transformation of functors The fact that <I> is universal with respect to natural 

transformations from Jd,x to functors of points of schemes follows now easily from 

Fact 112. lot we leave the details to the reader. 

CLAIM 3: There is a local isomorphism Vd,x >Jd,x- 

73 



Let now {f : y ^ S, C) & 'Pd,xiS) and consider the p-stable reduction of / (see 
Definition [US]) 

y — - ps(3^) 




togetlier with the sheaf 7r*(£) on ps(3^) whose restriction to the geometric fibers is 
torsion-free and rank-1. By sending (/ : 3^ — )• 5, £) into (ps(f) : ps(3^) — ?> S,7r*(£)), we 
get a natural transformation of functors Vd,x — ^ 'Jd^x ■ Lemma 112.111 imphes that this 
natural transformation of functors is a local isomorphism, q.e.d. 

The proof of the Theorem now follows by combining the above three Claims and 
using the fact (recalled in Convention II. 8p that two locally isomorphic functors are 
co-represented by the same scheme. 

□ 

It would be interesting to know if the above Theorem 1 1 2 . 1 2 1 is true in any character- 
istic. This would follow if one could prove that j'^^g is a good moduli scheme for the 
stack J'^^g in the sense of Alper ( |Alp| ). 



13. Appendix: Positivity properties of balanced line bundles 

The aim of this Appendix is to investigate positivity properties of balanced line 
bundles of sufficiently high degree on reduced Gorenstein curves. The results obtained 
here are applied in this paper only for quasi-wp-stable curves. However we decided to 
present these results in the Gorenstein case for two reasons: firstly, we think that these 
results are interesting in their own (in particular we will generalize several results of 
|CaplO| and [MellH Sec. 5] in the case of nodal curves); secondly, our proof extends 
without any modifications to the Gorenstein case. 

So, throughout this Appendix, we let X be a connected reduced Gorenstein curve 
of genus g >2 and L be a balanced line bundle on X of degree d, i.e., a line bundle L 
of degree d satisfying the basic inequality 



deg^L - ^ degzUJx 
2g -2 



- 2 



(13.1) 

for any (connected) subcurve Z <^ X, where kz is as usual the length of the scheme- 
theoretic intersection of Z with the complementary subcurve Z'^ := X \ Z and ujx is 
the dualizing invertible (since X is Gorenstein) sheaf. 

The following definitions are natural generalizations to the Gorenstein case of the 
familiar concepts for nodal curves. 

Definition 13.1. Let X be a connected reduced Gorenstein curve of genus g >2. We 
say that 
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(i) X is G-semistahl^ if ujx is nef, i.e. deg^cjx > for any (connected) subcurve 
Z. The connected subcurves Z such that deg^wx = are called exceptional 
sub curves. 

(ii) X is G-quasistable if X is G-semistable and every exceptional subcurve Z is 
isomorphic to P^. 

(iii) X is G-stahle if is ample, i.e. degzUJx > for any (connected) subcurve Z. 

Note that G-semistable (resp. G-stable) curves are called semi-canonically positive 
(resp. canonically positive) in [Cat82t Def. 0.1]. The terminology G-stable was intro- 
duced in [GGE081 Def. 2.2]. We refer to |Cat82[ Sec. 1] for more details on G-stable 
and G-semistable curves. 

Observe also that quasi-wp-stable, quasi-p-stable and quasi-stable curves are G- 
quasistable; similarly wp-stable, p-stable and stable curves are G-stable. 

Remark 13.2. Given a subcurve z : Z C X with complementary subcurve Z^, 
consider the exact sequence 

where I^c is the ideal sheaf of Z'^ in X. By the definition of the dualizing sheaf loz of 
Z, it is easy to check that i*{uJz) = ojx ® ^z^ which, by restricting to Z, gives 

^z = (wx ® Iz'^)\z = {^x)\z ^ Iznz-/z, 

where IznZ'^ /z is tbe ideal sheaf of the scheme theoretic intersection Z D Z'^ seen as a 
subscheme of Z. By taking degrees, we get the adjunction formula 

(13.2) degzOJx = 2gz -2 + kz. 

Using the above adjunction formula and recalling that gz ^ if Z is connected, it is 
easy to see that: 

(i) X is G-semistable if and only if for any connected subcurve Z such that gz = 
we have that kz 

(ii) X is G-stable if and only if for any connected subcurve Z such that gz = we 
have that kz > 3. 

Our first result says when a balanced line bundle of sufficiently high degree is nef or 
ample. 

Proposition 13.3. Let X be a connected reduced Gorenstein curve of genus g > 2 and 
let L be a balanced line bundle on X of degree d. The following is true: 

^The letter G stands for Gorenstein to suggest that these notions are the natural generalizations of 
the usual notions from nodal to Gorenstein curves. 

'''Note that a subcurve of Gorenstein curve need not to be Gorenstein. For example, the curve X 
given by the union of 4 generic lines through the origin in A| is Gorenstein, but each subcurve of X 
given by the union of three lines is not Gorenstein. 
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(i) If d > ^{2g — 2) = g — 1 then L is nef if and only if X is G-semistable and for 
every exceptional subcurve Z it holds that deg^L = or 1. 

(ii) If d > |(2(7 — 2) = 3{g — 1) then L is ample if and only if X is G-quasistable and 
for every exceptional subcurve Z it holds that deg^L = 1. 

Proof. Let us first prove part Let Z Q X he a connected subcurve of X. li Z = X 
then deg^L = degL = d> {g — 1) > Qhy assumption. So we can assume that Z C X. 
Notice that, since X is connected, this imphes that kz 

If deg^wx = 2(7^ — 2 + kz > then, using the basic inequality (jl3.ip and the 
assumption d > ^(25^ — 2), we get 

2gz-2 + kz kz 2gz - 2 + kz kz ^ j if (7z > 1, 

deg^L > d ■ > > < 

- 25-2 2 2 2 iigz = 0, 

hence deg^L > 0. li gz = and kz = 1 then, using the basic inequality and the 
assumption on d, we get that 

<i»gzi<^(-i) + i<o. 

Therefore if L is nef then X must be G-semistable. Finally, if Z is any exceptional 
subcurve of X, then the basic inequality gives 

(13.3) Ideg^Ll < 1, 

from which we deduce that if L is nef then deg^L = or 1. Conversely, it is also clear 
that if X is G-semistable and degzL = or 1 for every exceptional subcurve Z of X 
then L is nef. 

Let us now prove part ([n]). Let Z Q X he a connected subcurve of X. If Z = X 
then degzL = degL = d > 3{g — 1) > by assumption. So we can assume that Z C X. 
Notice that, since X is connected, this implies that kz > 1- 

If degz^j^x = 2gz — 2 + kz > then, using the basic inequality ()13.ip and the 
inequality d > ^{2g — 2), we get 

, 2gz-2 + kz kz 3{2gz-2 + kz) kz ^ ( kz>lifgz>l, 

degzL > d > > <^ 2kz-d 

25-2 2 2 2 > if 5z = and kz 

hence deg^L > 0. From part (0) and equation (|13.3p . we get that if L is ample then X 
is G-semistable and for every exceptional subcurve Z we have that deg^L = 1. Note 
that every exceptional subcurve Z of X is a chain of P^. Assume that this chain has 
length / > 2 and denote by Wi (for i = l,...,l) the irreducible components of Z. 
Then each of the Wj's is an exceptional subcurve of X. Therefore, the same inequality 
as before gives that if L is ample then deg^.L = 1. This is a contradiction since 
1 = degzL = Yli'^^SWi-^ = I > 1. Hence Z = F^ and X is G-quasistable. Conversely, 
it is clear that if X is G-semistable and degzL = 1 for every exceptional subcurve Z 
of X then L is ample. 

□ 
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We next investigate when a balanced line bundle on a reduced Gorenstein curve is 
non-special, globally generated, very ample or normally generated. To this aim, we 
will use the following criteria, due to Catanese-Franciosi |CF96) . Catanese-Franciosi- 
Hulek-Reid |CFHR99j and Franciosi-Tenni [FT] (see also |Fra04j and [FraOTQ which 
generalize the classical criteria for smooth curves. 

Fact 13.4. ^ CF96j . |CFHR99j . [FT] } Let L he a line bundle on a reduced Gorenstein 
curve X. Then the following holds: 

(i) If deg^L > 2gz — 2 for all (connected) suhcurves Z of X, then L is non-special, 
i.e., H\X,L) = 0. 

(a) If deg^L > 2gz — 1 for all (connected) suhcurves Z of X, then L is globally 
generated; 

(Hi) If deg^L > 2gz for all (connected) suhcurves Z of X, then L is very ample, 
(iv) If degzL > 2gz for all (connected) suhcurves Z of X, then L is normally gener- 
ated, i.e. the multiplication maps 

Pk : H^{X,L)®'' ^ H^{X,L^) 

are surjective for every k > 2. 

Recall that if Z is a subcurve that is a disjoint union of two suhcurves Zi and 
Z2 then gz = QZi + ~ 1- From this, it is easily checked that if the numerical 
assumptions of (ji|), (jii|), (jm]) and (jiv]) are satisfied for all connected suhcurves Z then 
they are satisfied for all suhcurves Z. With this in mind, part Q follows from [CF961 
Lemma 2.1]. Note that in loc. cit. this result is only stated for a curve C embedded in 
a smooth surface; however, a closer inspection of the proof reveals that the same result 
is true for any Gorenstein curve C. Parts dn]) and (jm]) follow from [CFHR99] Thm. 
1.1]. Part (jiv)) follows from \FT\ Thm. 4.2], which generalizes the previous results of 
Franciosi (see [Fra041 Thm. B] and [FraOTl Thm. 1]) for reduced curves with locally 
planar singularities. 

Using the above criteria, we can now investigate when balanced line bundles are non 
special, globally generated, very ample or normally generated. 

Theorem 13.5. Let L be a balanced line bundle of degree d on a connected reduced 
Gorenstein curve X of genus g > 2. Then the following properties hold: 

(i) If X is G-semistable and d > 2g — 2 then L is non-special, 
(a) Assume that L is nef. If d > |(2g — 2) = 3{g — 1) then L is globally generated. 
(Hi) Assume that L is ample. Then: 

(a) Ifd> l{2g - 2) = b{g - 1) then L is very ample and normally generated, 
(h) If d > max{|(2(jr — 2) = 3{g — l),2g} and X does not have elliptic tails (i.e., 
connected suhcurves Z such that gz = ^ oind kz = 1) then L is very ample 
and normally generated. 
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Proof. In order to prove part (ji|), we apply Fact I13.4| |H). Let Z X he a connected 
subcurve. If Z = X then deg^L = d > 2(7 — 2 by assumption. Assume now that Z X 
(hence that kz > I)- Since X is G-semistable, we have that deg^(a;x) = 2gz — 2 + kz > 
0. If deg^(a;x) > then the basic inequahty (jl3.ip together with the hypothesis on d 
gives that 

degzL > ^^(2ffz - 2 + /cz) - ^ > 25Z - 2 + ^ > 25Z - 2. 

If deg^(a;js:) = (which happens if and only if Z is exceptional, i.e., gz = and 
kz = 2) then the basic inequality gives that 

deg^L > -^i2gz - 2 + kz) - ^ = -I > -2 = 2gz - 2. 
2g — 2 2 

In order to prove part we apply Fact ll3.^1|n|) . Let Z C X be a connected subcurve. 
li Z = X then we have that deg^L = d > 3{g — 1) > 25r — 1 by the assumption on d. 
Assume now that Z Q X (hence that /sz > 1). If gz = then deg^L > — 1 = 2gz — 1 
since L is nef. Therefore, we can assume that gz ^ f- By applying the basic inequality 
(jllj.ip and using our assumption on d, we get that 

degzL > {2gz-2 + kz)-^ > -{2gz -2 + kz) - ^ = 3{gz-l) + kz > 2gz-l. 

2g — 2 2 2 2 

In order to prove parts (liiiap and (jiiibl) , we apply Facts I13.4l1iiip and I13.4l1ivp . Let 
Z X he a connected subcurve. If Z = X then, in each of the cases (jiiiaP and (jiiibp . 
we have that deg^L = d > 2g hy the assumption on d (note that 5{g — 1) > 2g since 
g > 2). Assume now that Z (1 X (hence that kz > f)- If gz = then deg^L > = 2gz 
since L is ample. Therefore, we can assume that gz ^ f- 

In the first case (jiiiap . by applying the basic inequality (jl3.ip and the numerical 
assumption on d, we get that 

deg^L > -^i2gz -2 + kz)-^> ^{2gz -2 + kz)-^ = 5{9z - 1) + 2kz > 2gz. 
2g — 2 2 2 2 

In the second case (jiiibp , from the basic inequality ()13.ip and the numerical assump- 
tion on d, we get that 

degzL > -{2gz -2 + kz)-^> -{2gz -2 + kz)-^ = 3{gz -l) + kz> 2gz, 

2g — 2 2 2 2 

where in the last inequality we used that gz-,kz > 1 and {gz,kz) 7^ (1;1) because X 
does not contain elliptic tails. 

□ 



Remark 13.6. Theorem I13.5l |]| recovers |CaplO Thm. 2.3(i)] in the case of nodal 



curves. Theorem I13.5l|iil) combined with Proposition I13.3l1il) recovers and improves 
|CaplO[ Thm. 2.3(iii)] in the case of nodal curves. Theorem 113. Stlml) improves |MellH 
Cor. 5.11] in the case of nodal curves. See also [Bal09j . where the author gives some 
criteria for the global generation and very ampleness of balanced line bundles on quasi- 
stable curves. 
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The previous results can be applied to study the positivity properties of powers of 
the canonical line bundle on a reduced Gorenstein curve, which is clearly a balanced 
line bundle. 

Corollary 13.7. Let X he a connected reduced Gorenstein curve of genus g >2. Then 
the following holds: 

(i) If X is G-semistahle then uj^-^ is non-special and globally generated for all i > 2; 
(a) If X is G-stahle then lxj^-^ is very ample for all i > 3; 
(Hi) If X is G-quasistahle then is normally generated for all i > 3. 

Proof. Part ^ follows from Theorem 1 1 3 . 5 H p]) and Theorem ll3.5l|ii]) . 
Part dni) follows from Theorem 113. Stjiiiap . 

Let us now prove part (pli|) . If X is G-stable, then this follows from Theorem 
I13.5l!|iiiap . In the general case, since u:\ is globally generated by part ([i]), it defines 
a morphism 

q : X ^¥ ■.= ¥{H^{X,JxY)^ 
whose image we denote by Y := q{X). Since X is G-quasistable, the degree of on 
a connected subcurve Z of X is zero if and only if Z = is an exceptional subcurve, 
i.e., ii E = and kE = 2. The map q will contract such an exceptional subcurve E 
to a node if E meets the complementary subcurve E'^ in two distinct points and to a 
cusp if E meets E^ in one point with multiplicity two. Moreover, using Fact I13.4tjiii|) . 
it is easy to check that ux is very ample on X \ L)E, where the union runs over all 
exceptional subcurves E of X. We deduce that Y is G-stable. By what proved above, 
LOy is normally generated. Clearly g*a;y = a;^^ and moreover, since q has connected 
fibers, we have that q^Ox = Oy- This implies that H'^ {X , {cu^x)'') = H'^ {Y, {uj\.)'') 
from which we deduce that uj^-^ is normally generated. □ 

Remark 13.8. Part (ji]) of the above Corollary 113.71 recovers |Cat82t Thm. A and p. 
68] , while part (ju]) recovers |Cat821 Thm B] . Part was proved for nodal curves in 
[Mellll Cor. 5.9]. 

A closer inspection of the proof reveals that parts ([n]) and continue to hold for 
Lo'j^ if, moreover, g > 3 and X does not have elliptic tails (see also |Cat821 Thm. C] 
and |Fra04l Thm. C]). 

Let us end this Appendix by mentioning that it is possible to generalize the above 
results in order to prove that a balanced line bundle of sufficiently high degree is k- 
very ample in the sense of Beltrametti-Francia-Sommese ( [BFS89] ). Recall first the 
definition of k-very ampleness. 

Definition 13.9. Let L be a line bundle on X and let A; > be a integer. We say that 
L is k-very ample if for any 0-dimensional subscheme S C X oi length at most k -\- 1 
we have that the natural restriction map 

H\X,L)^H\S,L^s) 
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is surjective. In particular 0-very ample is equivalent to being globally generated and 
1-very ample is equivalent to being very ample. 



The proof of the following Theorem is very similar to the proof of the Theorem 113.51 
above, using again |CFHR99t Thm. 1.1], and therefore we omit it. 

Theorem 13.10. Let k >2 and assume that X is G-stable. Then: 

(i) Ifd> ^^{2g - 2) = {2k + 3){g- 1) then L is k-very ample, 
(a) If d > "^^2^ {2g — 2) = (2k + l){g — 1) and X does not have elliptic tails then L is 
k-very ample. 
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